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Summary

We present the first complete 2–D acoustic numerical ex-

amples of a brand new imaging method operating in the

common–shot domain — the Gaussian packet pre–stack

depth migration. We test our method on the Marmousi data

set (Versteeg & Grau, 1991).

The main advantage over the methods based on Gaussian

beams consists in a direct relation between the regions in

the common–shot gather and corresponding regions in the

migrated section. Thus, the Gaussian packet pre–stack

depth migration is especially suitable for a target–oriented

imaging.

Introduction

Over the past years, several imaging techniques based on

the seismic ray theory have been developed. Particularly

simple and popular are the methods using the summation of

the Kirchhoff integral. Another successful class of ray the-

ory migrations employs Gaussian beams. Especially elegant

and effective migration algorithm using Gaussian beams

has been proposed by Hill (1990, 2001). 

In search for an alternative to Gaussian beams, we have

shifted our attention to Gaussian packets. Gaussian packets

are waves whose envelopes at any given time are nearly

gaussian in space. They represent high–frequency asymp-

totic solutions of the elastodynamic equation, which are

concentrated close to the central point of the packet (e.g.,

Babich & Ulin, 1981, Ralston, 1983, Klimes, 1989a). 

As well as other types of wave packets, Gaussian packets

spread as they propagate through the structure. It is neces-

sary to keep Gaussian packets narrow in relation to the

velocity changes in the model, because Gaussian packets

become inaccurate solutions of the elastodynamic equation

if the velocity field changes considerably within the packet

width. This spreading depends on the complexity of the

velocity model and on the initial shape of Gaussian packets. 

Therefore, before proceeding to the migration, we need to

prepare a suitable velocity model and choose the appropri-

ate initial shape of Gaussian packets.

Algorithm

The GP migration algorithm consists of four basic steps:

a) Preparation of a suitable smooth velocity model

(Zacek, 2001a; Zacek, 2002).

b) Optimization of the shape of Gaussian packets

(Klimes, 1989b; Zacek, 2001b).

c) Decomposition of the wave field into optimized Gaus-

sian packets (Zacek, 2003).

d) Back–propagation of the wave field using Gaussian

packets and application of the imaging functional

(Zacek, 2004).

Velocity model

Required model should prevent Gaussian packets from

excessive spreading and preserve original travel times and

amplitudes. The question of a smoothness of the velocity

model is closely related to the problem of finding the limits

of applicability of the ray theory, which remains unsolved

and open for further research.

In a complex model, the geometrical spreading and number

of arrivals exponentially increase with increasing travel

time. The exponential increment is controlled by the

Lyapunov exponent. Consequently, the Lyapunov exponent

determines the horizon, where the ray behavior becomes

chaotic. Since the Lyapunov exponent depends on the sec-

ond spatial derivatives of the velocity or slowness, the sec-

ond derivatives should be minimized. Therefore, we

smooth the second derivatives of slowness by minimizing

the relevant Sobolev norm (Zacek, 2001a; Zacek, 2002). 

Optimization of the shape of Gaussian packets

The applicability and accuracy of the Gaussian packet

method depend on the proper choice of the initial shape of

packets. Unfortunately, narrow Gaussian packets quickly

increase in width as they propagate. Thus, we can use nei-

ther too narrow nor too wide packets as the initial choice of

the shape of Gaussian packets. Furthermore, in a complex

structure, we cannot judge solely from the final width of the 

packet whether the packet is or is not a reasonably accurate
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solution of the elastodynamic equation. The packet must be

sufficiently narrow along the whole ray path.

The initial shape of Gaussian packets is determined by the

4 x 4 matrix of complex–valued second space–time deriva-

tives of the phase function. To prevent Gaussian packets

from excessive spreading, we optimize their initial shape by

minimizing their width along the whole ray path. Since we

wish to control the spreading in the plane perpendicular to

the central ray of the packet, it is sufficient to optimize the

initial shape of corresponding Gaussian beams (Klimes,

1989b; Zacek, 2001b). We can restrict our attention to

Gaussian beams, because the Ricatti equation for a Gaus-

sian packet may be decoupled into three equations, where

one equation represents the Ricatti equation for a Gaussian

beam, and the other two equations extend the Gaussian

beam solution to a Gaussian packet solution.

The shape of a Gaussian beam is characterized by a 2 x 2

complex–valued matrix in 3–D and by a single complex

number in 2–D. Let us denote the initial complex–valued

parameter in 2–D by N0. The imaginary part of N0 deter-

mines the Gaussian beam width and the real part of N0 de-

fines the curvature of the phase–front.

Parameter N0, which describes the shape of a corresponding 

Gaussian beam along the initial surface, may depend on the

coordinate of the intersection of the central ray of a Gaus-

sian packet with the profile, on its arrival time, and on the

component of the slowness vector along the profile. In

other words, parameter N0 is situated on a Hamiltonian

hypersurface in the phase–space (Zacek, 2001b). In a com-

plex structure, the optimum initial parameters N0 may vary

in orders of magnitude. This would cause great problems in

the decomposition of the wave field into optimized Gaus-

sian packets. Therefore, we have developed a procedure,

which allows us to smooth iteratively the distribution of

parameter N0 on the Hamiltonian hypersurface (Zacek,

2001b).

Decomposition of the wave field into Gaussian packets

In order to determine the initial amplitudes of Gaussian

packets, we need to decompose the common–shot gather

into optimized Gaussian packets (Zacek, 2003). Each Gaus-

sian packet arriving at the receivers is represented by a

Gabor function, whose shape depends on the shape of the

Gaussian packet. Using the coherent–state transform, we

decompose the common–shot gather into these Gabor func-

tions. The complex valued amplitude of the back–

propagated Gaussian packet then equals the amplitude of

the corresponding Gabor function. The amplitudes depend

on the coordinate of the intersection of the central ray of a

Gaussian packet with the profile, its arrival time, the com-

ponent of the slowness vector along the profile, and the

frequency. Let us point out that the intersection of the cen-

tral ray of a Gaussian packet with the profile does not gen-

erally coincide with any receiver.

Migration

The incident wave field may be calculated in various ways.

We benefit from a method of interpolation within ray cells

proposed by Bulant & Klimes (1999), which requires only

a sufficiently dense set of rays from the shot location to be

traced. By interpolation, we obtain the multi–valued ampli-

tudes of the incident wave field corresponding to multi–

valued travel times.

We determine the scattered wave field using the Gaussian

packet method. Gaussian packets propagate along their

central rays. We move along these central rays, determine

the amplitude and the second space–time derivatives of the

phase function of the back–propagated Gaussian packet,

and apply the imaging functional, which yields the local-

ized image of a single Gabor function from the common–

shot gather (Zacek, 2004), see Figure 1. This image repre-

sents the basic building block of the Gaussian packet

migration.

Then, we superimpose the images of all Gabor functions

corresponding to a single common–shot gather, and obtain

the pre–stack migrated image of this common–shot gather,

see Figure 2. Finally, we can stack all of the images to pro-

duce the migrated image of the whole data set, see Figure 3. 

Please note that the numerical examples were calculated in

a very smoothed model, and with no post–processing.

Target–oriented imaging

Each Gabor function from the common–shot gather gener-

ates its localized image in the depth section, see Figure 1.

In this way, we obtain a one–to–one relation between the

Gabor functions from the common–shot gather and their

localized images from the depth section. This relation was

discussed by Zacek & Klimes (2003).
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Figure 1:  Migrated image of a single Gabor function.
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Figure 2:  Pre–stack migrated image of a single common–shot gather of the Marmousi data set (Versteeg & Grau, 1991).

        0        2000    4000       6000                (m)   8000

Figure 3:  Stacked migrated image of the Marmousi data set with a very smoothed velocity model, no post–processing.
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Let us say that we are interested in a particular area in the

subsurface structure. We call this area a target zone. Unlike

Gaussian beams, Gaussian packets are, at any given time,

concentrated close to the central point of the packet. Thus,

we can consider only those packets, which fall into the

target zone.

Moreover, we can pick out Gaussian packets contributing

to the target zone, multiply their amplitudes by correspond-

ing weighting factors, and use them in the re–composition

of the common–shot gather. In such a case, we obtain the

wave field scattered specifically from the target zone.

Conclusions

The Gaussian packet pre–stack depth migration represents a 

new imaging method operating in the common–shot do-

main. It can handle multi–valued travel times and allows a

target–oriented approach.

Although the common–shot Gaussian packet migration

cannot match the efficiency of the common–offset Gaus-

sian beam migration algorithm proposed by Hill (2001), it

provides a one–to–one relation between the Gabor func-

tions from the common–shot gather and their localized

images from the depth section. We believe that this unique

feature could help us in understanding the true meaning of

the migrated section.

We are still intensively testing our method, and therefore

the numerical examples should be considered as very pre-

liminary.
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