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Summary

In the computation of paraxial travel times and Gaussian beams, the basic role is
played by second derivatives of the travel-time field at the reference ray 2. These deriva-
tives can be determined by dynamic ray tracing (DRT) along the ray. Two basic DRT
systems have been broadly used in applications: the DRT system in Cartesian coordi-
nates and the DRT in ray-centred coordinates. In this paper, the transformation relations
between the second derivatives of the travel time field in Cartesian and ray-centred coor-
dinates are derived. These transformation relations can be used in many applications in
isotropic and anisotropic media, including computations of complex-valued travel times
necessary for the evaluation of Gaussian beams.

Keywords: Paraxial travel times, paraxial approximation of the displacement vector,
Gaussian beams, dynamic ray tracing, second-order travel time derivatives.

1 Introduction

In three-dimensional, laterally varying, isotropic or anisotropic media, the ray-theory
travel times are computed along rays. If we wish to compute the travel-time field in a
vicinity of a reference ray €1, we have to determine new rays in this vicinity. We can,
however, evaluate the travel-time field around €2 approximately. It is sufficient to perform
dynamic ray tracing along the reference ray €2 and compute the second derivatives of the
travel time. As the first derivatives are known from ray tracing, we can use quadratic
expansion of the travel time field T' = T'(z,,) and determine approximately the travel-time
field in the ”quadratic” (paraxial) vicinity of the reference ray. The paraxial travel time,
although approximate, finds very useful applications in the ray method. The complex-
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valued paraxial travel times may be also computed and may be applied in the theory of
paraxial Gaussian beams connected with the reference ray.

The DRT used to determine the second order travel-time derivatives can be expressed
in various coordinate systems. Most common is to use the DRT in global Cartesian
coordinates x;, i = 1,2, 3, and to determine 9*T'/dx; Ox;, or to use the DRT in ray-centred
coordinates ¢y, N = 1,2 and to determine 9°T/dqy Oqpr. In ray-centred coordinates,
the paraxial travel times are obtained only in the planes tangent to the wavefronts at the
reference ray. In Cartesian coordinates, however, they are determined in the whole 3-D
vicinity of any point on the reference ray. Consequently, the second derivatives of the
travel time field 9*T/dz; Ox; have much broader applications.

It is, however, not necessary to perform DRT computations in the coordinate system,
in which we wish to compute the second travel-time derivatives. The transformation
relations derived in this paper allow computation of the second derivatives 0*°T/dx; Ox;
from 0*T/dqn Oqar and vice versa. Consequently, we can simply determine the second
derivatives 0*T/Oxz; Oz; even when the DRT system is solved in ray-centred coordinates,
and vice versa. These transformations simplify considerably various applications in the
paraxial ray theory and in the theory of Gaussian beams, see Cerveny and Pgencik (2009).

Briefly to the content of the paper. In Sec.2, we introduce basic properties of DRT
in ray-centred coordinates. In Sec.3, we derive the relations between 9°T/dx; dz; and

62T/an 8qM

We use here mostly the component notation for vectors and matrices, with the upper-
case indices (I, J, K,...) taking the values of 1 or 2, and the lower-case indices (i,jk, ...)
taking the values 1, 2, or 3. Einstein summation convention is used.

2 Dynamic ray tracing in ray-centred coordinates

in heterogeneous anisotropic media

We consider the eikonal equation for the travel time field 7'(x;) in the Hamiltonian form

H(zi,p;) =0. (1)

Here ‘H is the Hamiltonian, x; are the Cartesian components of the position vector x, and
p; = 0T /Ox; are the Cartesian components of the slowness vector p, vector perpendicular
to the wavefront. We consider the Hamiltonians, which are homogeneous functions of
second degree in p;. The kinematic ray tracing equations then read

dT—UZ—(()pi’ dT_m_ ox; (2)

Here 7 is a monotonic variable along the ray, representing the travel time. The vector U,
with Cartesian components U;, is the ray-velocity vector, tangent to the ray, and vector n,
with Cartesian components 7;, represents the change of slowness vector p along the ray.
Suitable forms of Hamiltonians for heterogeneous anisotropic media are given in Cerveny
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(2001, Sec.3.6). The results presented in this paper are valid for any Hamiltonian, we
only require that the Hamiltonian is a homogeneous function of second degree in p;.

We now introduce the ray-centred coordinate system g¢;, g2, g3 connected with the
reference ray ). The basic property of the ray-centred coordinate system is that the ray
Q) represents the g3 coordinate axis of the system. The remaining coordinates ¢; and ¢
are introduced by the relation, see Klimes (1994, 2006):

7i(q;) = xio(qs) + Hine(g3)qm (3)

where 1 = 1,2,3, and M = 1,2. Basis vectors H;; and H;» may be introduced in many
ways. For an up-to-date review of various possibilities, see Klimes (2006). The reference
ray is specified by ¢1 = g2 = 0, for which eq. (3) yields the relation x;(g3) = z(g3), with
g3 = 7. Coordinates ¢;, ¢o are Cartesian coordinates which specify uniquely the position
of a point in the plane tangent to the wavefront, intersecting the reference ray €2 at the
point specified by g3 = 7.

Elements of the 3 x 3 transformation matrices from ray-centred to Cartesian coordi-

nates (H) and back (H) are defined as follows:

8%2' — a%’
o 0T, @
The elements satisfy the relation

Six elements of the transformation matrices are known from kinematic ray tracing:
9q3

03:i —
= =U;, H3i = —=pi . 6
Dgs 3 Ers p ()

HiS

From eqs (5) and (6), we obtain p;i; = 1, p;H;; = 0, Z/{iH]Z'_: 0. Thus, the vectors H;;
are perpendicular to the slowness vector and the vectors Hy; are perpendicular to the
ray-velocity vector.

In this paper, we shall specify the contravariant basis vectors H;;(7) and Hy(7) along
the ray by a simple ordinary differential equation of the first order:

dH;r/dr = —(H;m;)pi/ (prpr) - (7)

In eq. (7), we used the relation dp;/dr = n;. Consequently, the vectors H,;;(7) can be
obtained by solving eq. (7) numerically along the ray €. In this paper, we assume that the
vectors H;; and Cp;, where C denotes the phase velocity, have been chosen at a point 7y of
the ray €2 in such a way that they form a right-handed triplet of mutually perpendicular
unit vectors. It can be proved that the vectors are then unit, mutually perpendicular
and right handed along the whole ray. Thus, it is sufficient to compute only one of the
vectors H;r, say H;;, by solving numerically eq. (7). The vector H;s can be calculated
from known H;; and Cp; at any point of the ray. Using relation H;3 = U; from eq. (6),
we have the complete 3 x 3 matrix H. The 3 x 3 matrix H can be then determined by
inversion of H, see eq. (5).
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Let us emphasize that the choice of g3 = 7 simplifies considerably the computations
as it leads to the following simple relations valid at any point of the ray €:

oT oT 0*T
—_— 1 , _— = s = 0 . 8
g3 0q1 0q30q; (8)

These simple relations are not valid for any other monotonic parameter (e.g., the ar-
clength) along the ray. This is important to emphasize since the arclength along the ray
has been mostly used in ray-centred coordinates in heterogeneous isotropic media. In this
respect, our treatment differs from common treatment in isotropic media.

We now introduce six quantities Q% and P\@ (n = 1,2,3) on the ray by the relations
QY =g, /0y, PP =0p /o, 9)

where 7 is a chosen ray parameter and p{% = 9T'/9q,. The expressions for Q@ and P
show how ¢, and p{? change when the ray parameter v changes. The quantities ng) and
Péq) are available from the ray tracing, but QS\?) and PJ(Vq) must be computed by solving a
system of ordinary differential equations of the first order along the ray €, called dynamic
ray tracing (DRT) system. The DRT system in ray-centred coordinates consists of four
equations:

ng\?) (@ Ha) (@ pla)

FE ANnu@yr + ByuPar s

dP(q)

B o - DaHl 10

where
AW, = HyiHjnAij — dn B, = HyiHyr;Bij
01(\?1)\4 = HnH;ju(Cij —nin;) DE@W = H,nHpyiDij — dyw - (11)

The 3 x 3 matrices A, B, C and D with elements A;;, B;;, C;; and D;; represent the
second derivatives of the Hamiltionians:

0*H 0*H
Ai' = ) BZ - )
J 8p28x] J 8]718])]
0*H 0*H
/ 81‘,8}?] / 8%8]9] ( )
Note that D;; = Aj;. The symbol dyj in (11) denotes
Ay = HyidHipg /AT = —(Hyapi) (Hinm;) [ (prpr) - (13)

The same DRT system (10) can be used if we consider two ray parameters 71, 7o
(orthonomic system of rays). In this case, we compute the 2 x 2 matrices Q@ and P@,

with elements Q(I?,) = dqr /0, PI(? = 8p§q)/8w, with I = 1,2, J = 1,2. The DRT system
(10) must be then solved twice (eight equations must be solved).
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From the known 2 x 2 matrices Q@ and P, we can also determine the matrix of
second derivatives of the travel-time field M@ with elements

M9 = 0°T/9q:04; . (14)

The 2 x 2 matrix M@ can be easily expressed in terms of 2 x 2 matrices Q@ and P
as follows:
M@ = P@(Q@)-1 (15)

Once the DRT system (10) for Q' (7) and P\?(r) is solved along the ray Q and M%) (7)
is determined using (15), we can write the quadratic expansion for paraxial travel time
T'(q;) in the vicinity of the ray :

T(qu,q2,q3) = T(g3) + %qM(q)(QB»)qT ) (16)

where q = (q1,¢2) and T'(¢g3) = T(q = 0,q3). Equation (16) plays a basic role in the
paraxial ray method, in the computation of paraxial approximation of the displacement
vector and in the theory of Gaussian beams, etc. It gives the paraxial travel time (possibly
complex valued) in the plane tangent to the wavefront at the point of its intersection with
the ray €.

The disadvantage of the expression (16) is that it can be used only in planes tangent
to the wavefronts at €2. Thus, if we wish to determine the paraxial travel time at a point
R(q1, g2, ) situated in a vicinity of the ray 2, we must first find the relevant plane tangent
to the wavefront at the point 7 on the ray 2. The relevant value of 7 is, however, not
known. Its determination might be a cumbersome procedure.

The procedure could be considerably simplified if the 3 x 3 matrix M of the second
derivatives of travel time with respect to Cartesian coordinates is known instead of the
2 x 2 matrix M(@. Then it would be possible to compute simply the paraxial travel time
field in the whole vicinity of the point 7 on the ray €2, not only in the plane tangent to
the wavefront. The computation of §°T'/dz;0x; from known 0*T /Oqnqys is discussed in
Section 3.

3 Relation between 0°T/dz;0x; and 9*T/Oqnqu

In this section, we derive the relation between the 3 x 3 matrix M®) of second derivatives
of the travel time field in Cartesian coordinates z; (i = 1,2,3) and the 2 x 2 matrix M
of second derivatives of the travel-time field in ray-centred coordinates ¢; (I = 1,2). The
nine components of M(®) are denoted 9%7'/ Oz;0x;, and the four components of M@ are
denoted 9°T'/9q;0q;. Both matrices are symmetric. The relation we derive is valid at any
point of the central ray (2. We assume that the vectors p, n and U are known from ray
tracing. For 0*T/0z;0x;, we can write

P _ o (oT\_ o (0T ou -
Or;0r;  Ox; \Or;)  Ox; \0q, 0z, )
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This equation yields

2T 9 (0T\ dq, OT 0%,
( >q+ q (18)

Along the central ray, 0T /0q, = J,3, see (8). Performing the differentiation in the first
term in (18), we obtain

o*T 0q,, O°T Oq, 0?
= Iy 285 (19)
O0x;0x; 0zr; 0¢,0q, Ox;  Ox;0x,

Now we split the summation over n = 1,2,3 in (19) in the summation over n = N
and n = 3, and analogously the summation over m. We obtain

T  Oqu T 9dqn  Oqn 0T Ogs
O0x;0x; Oz OquOgn Ox; O0x; 0¢m0q3 0z
dqs O°T 0q, Oqs 0T dgs | Oqgs

_ ) 20
O0x; 0q30q, Ox;  Ox; 0q30qs Ox;  Ox;0x; (20)
Taking into account eq.(8) we obtain
o*T 0 T 0 0?
_ 04m qn X d3 (21)

O0x;0x; Oz OquOqn Oz;  Or;0z;

The result (21) is surprisingly simple, indeed. The first term can be fully computed
by dynamic ray tracing in ray-centred coordinates. Alternatively, it can be calculated by
dynamic ray tracing in orthonormal wavefront coordinates, or by incomplete dynamic ray
tracing in Cartesian coordinates. What remains to be determined is §%¢s/0z;0x;.

We use the obvious relation

0 8q3 3xk .

This relation yields

D*q3 Oxp  Ogs O [ Oxy
p— . 2
0x;0x), Oy, * Oz 0x; \ Ogm 0 (23)
Multiplying (23) by 0¢y,/0x;, we obtain
2 2

dxdx;  Ox; Oxp, Or; 0qmdgy,

We now again split the summation over n = 1,2,3 in the summation over n = N and
n = 3, and similarly for m:

82q3 _ _afJM dqz Oqn D%y, _ dqz dqz Oqy, D%y,
O0x;0x; Ox; Oxy, Ox; OquOqny  Oxj Oz Ox; Oq30qy
0qm 0q3 Igs3 o dqz 0q3 Jgs 0%y,
dxj Oxy Ox; 0qmOqs  Oxj Oxy Ox; Dg30qs
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Equation (25) can be further simplified if we use the obvious identity

0 (dqz Oxp\
945 (a aqm> =0 (26)

Similarly as from (22), we obtain

o) aQ3 afk a(]g a2$k
i _0. )
dqs <8$k> OGm + Oxy, 0q30q, 0 (27)
This yields
dqs 0%y, oxy,
Ern = kg 28
o1y 00300 "o (28)

as 0(0q3/0xy)/0qs = Opr/O0qs = ni. Inserting (28) into (25), and taking into account
that the first term in (25) is zero (0% /dqrdqn vanishes since gy and gy, are Cartesian
coordinates in the plane tangent to the wavefront), we obtain

g3 o dq3 0gy Oy, 4 Oqy, 0qs Oy, _ dq3 0g3 Oy,

= . 29
O0z;0x;  Ox; Ox; Og, ik 0z, Ox; 0gy, e Oz Ox; Ogs i (29)
We now take into account that
0q3 oxy, oz 0q,
By TR T 5, 30
oz Py 0qs mo g, Ox; F (30)
see (5) and (6), and obtain from (29):
32CI3
= pinj i1 — PiDj : 1
Dridr, Pl + pini — pipj Urnk) (31)
Equations (19) and (31) yield the final equation for 0°T/dz;0x;:
o*T 0 o*T 0
S l + pin; + pini — Pip; Ui - (32)

O0x;0x; Oz, Oqudqy Oz,

It may be useful to express the important equation (32) in the matrix form. Let us
consider the matrices H and H, see eq. (4) defined along the ray Q. We denote the
columns of the matrix H, which represent contravariant basis vectors of the ray-centred
coordinate system, by e;, and the lines of the matrix H, which represent covariant basis
vectors, by f;:

H=(e;,es,e3=U), H' =(f,f,f;=p). (33)

The basis vectors e; are tangential to the coordinate lines, and the basis vectors f; are
perpendicular to the coordinate surfaces. The vectors e; and f; satisfy the relation (5):

Then the matrix form of eq. (32) reads
M©@ = f MYET + pn” +np” —pU n)p" . (35)

Here f = (f},f;) is the 3 x 2 matrix with column vectors f; and f;. The vectors f; are
perpendicular to the ray €.
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4 Concluding remarks

Equations (32) or (35) play a very important role in the paraxial ray methods, particularly
in the computation of paraxial travel time, paraxial approximation of the displacement
vector and Gaussian beams. See more details in Cerveny and Psencik (2009).

For dynamic ray tracing in ray-centred coordinates, eqs (32) or (35) are very useful
when we wish to find the paraxial travel time at an arbitrary point, specified in Cartesian
coordinates, in the vicinity of the reference ray.

For dynamic ray tracing in Cartesian coordinates, eqs (32) or (35) are useful for the
specification of the initial conditions. The specification of the initial conditions for M)
is very simple if we express M(®) in terms of M@ for which it has a very simple physical
meaning.
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