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Summary

Integral superposition of paraxial Gaussian beams in inhomogeneous anisotropic lay-
ered structures is studied. It removes certain singularities of the standard ray method,
like caustics. Individual quantities in the integral superposition can be calculated by ray
tracing and by dynamic ray tracing in Cartesian coordinates. Instead of 3 × 3 paraxial
matrices, it is sufficient to compute only two first columns of these matrices. This simpli-
fies considerably the computations. The wave under consideration may be generated by a
point source with an arbitrary radiation function, or by a surface source with the variable
initial time along it. For a wave generated by a point-force source, the integral superpo-
sition of paraxial Gaussian beams yields the Green function. The receiver point may be
situated arbitrarily in the model, including structural interfaces and the Earth’s surface.
It is customary (but not necessary) to introduce the target surface Σ passing through
the receiver (or close to it), along which the data needed in the integral superposition of
paraxial Gaussian beams are stored. The same target surface Σ may be used for different
elementary waves. The formula for integral superposition may be applied to arbitrary re-
flected, converted, or multiply reflected waves, propagating in inhomogeneous anisotropic
media. It may also be applied to waves propagating in inhomogeneous weakly anisotropic
media. For S waves propagating in weakly anisotropic media, the coupling ray theory may
be used, in which one coupled, frequency-dependent S wave is considered instead of two
separate S1 and S2 waves. The derived integral superposition of paraxial Gaussian beams
is valid even for the coupled S wave and removes the unpleasant shear-wave singularities
of anisotropic media.

Keywords: integral superposition of paraxial Gaussian beams, inhomogeneous anisotro-
pic media, inhomogeneous weakly anisotropic media, S waves in weakly anisotropic media.
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1 Introduction

The method of integral superposition of paraxial Gaussian beams (also called the method
of summation of paraxial Gaussian beams) is a powerful extension of the ray method. The
paraxial Gaussian beams are approximate solutions of elastodynamic equation concen-
trated close to rays, called central, of high-frequency seismic body waves. The amplitudes
of paraxial Gaussian beams decrease exponentially with the square of the distance from
the central ray along any straight-line profile intersecting the ray. This is the reason why
these beams are called paraxial Gaussian beams. The equations for the paraxial Gaussian
beams are valid along the whole central ray and have no singularity at caustics.

The paraxial Gaussian beams discussed here are not exact solutions of the elastody-
namic equation. Exact Gaussian beams can be computed only exceptionally, e.g., for
a point source in a homogeneous medium. Such exact Gaussian beams are obtained by
moving the point source into the complex space (Felsen, 1976). If we consider Gaussian
beams propagating in inhomogeneous media, such an approach cannot be used. We can,
however, compute exactly the complex-valued travel time in the vicinity of the central
ray. If we determine the travel times in the vicinity of the central ray by exact solu-
tion of the eikonal equation, we speak of strict Gaussian beams (Červený, Klimeš and
Pšenč́ık, 2007, p.76). In the vicinity of the central ray, called the paraxial vicinity, we can
also evaluate the complex-valued travel time of the beam approximately, by its Taylor
expansion to quadratic terms at any point of the central ray. To distinguish the beams
with approximately evaluated complex-valued travel times from exact and strict Gaussian
beams, we call them paraxial Gaussian beams. In seismological literature, however, it is
common to call them Gaussian beams, without emphasizing their approximate validity in
the paraxial vicinity of the central ray. In this paper, we also call them simply “Gaussian
beams”, without emphasizing the paraxial validity of their equations.

The theory of Gaussian beams in isotropic inhomogeneous layered structures has been
described in many papers. For the scalar wave equation, refer to Babich (1968), Babich
and Popov (1981), Popov (1982), Červený, Popov and Pšenč́ık (1982). For the elasto-
dynamic isotropic wave equation, see Červený and Pšenč́ık (1983a,b), Klimeš (1984),
Červený (1985), George, Virieux and Madariaga (1987), White, Norris, Bayliss and
Burridge (1987), Popov (2002), Bleistein (2007), Červený, Klimeš and Pšenč́ık (2007),
Kravtsov and Berczynski (2007), Leung, Qian and Burridge (2007). The Gaussian beam
summation method has been successfully applied in migration in seismic exploration. A
description of the theory of Gaussian beam migration, of its algorithm and excellent re-
sults can be found in Hill (1990, 2001), Gray (2005), Vinje, Roberts and Taylor (2008),
Gray and Bleistein (2009).

The references to the theory and applications of Gaussian beams propagating in in-
homogeneous anisotropic media are not so common. We have to refer to the excellent
mathematical treatment by Ralston (1983), devoted to Gaussian beams and propagation
of singularities, to Hanyga (1986), to Červený (2000, 2001, sec. 5.8) and to Červený
and Pšenč́ık (2010a). The Gaussian beam summation method was applied to seismic
migration in anisotropic media by Alkhalifah (1995) and by Zhu, Gray and Wang (2007).
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In most of the above publications, beams were used as building elements in the com-
putation of wavefields based on the method of integral superposition of Gaussian beams.
The method removes problems with caustics since Gaussian beams are regular everywhere
including caustics. The method of integral superposition of Gaussian beams is not only
regular at a caustic point of the central ray, but it yields there approximately correct
amplitudes, similarly as at other points of the central ray. The method of integral su-
perposition of Gaussian beams does not require time consuming two-point ray tracing
because evaluation of the superposition integral can be performed at any point of the
medium sufficiently illuminated by beams in its vicinity. Although reliable two-point ray-
tracing procedures are available (see, e.g., Bulant, 1996), which make possible detection of
not only first, but also later arrivals, the method of summation of Gaussian beams, com-
bined with the controlled initial-value ray tracing (Bulant, 1996), may be more efficient
in retaining later arrivals.

The basic procedure in the computation of Gaussian beams is the dynamic ray tracing
(DRT). The dynamic ray tracing system, and, consequently, the expressions for Gaussian
beams, can be expressed in various coordinate systems (Cartesian, ray-centred, etc.). Here
we concentrate on Cartesian coordinate system, but start from the ray-centred coordinate
system, as it yields physically simple and understandable results. For anisotropic media,
the DRT system in ray-centred coordinates is, of course, algebraically more complicated
than in isotropic media, but the principles remain the same. Similarly, the integral super-
position of Gaussian beams remains formally the same for inhomogeneous isotropic and
anisotropic media (Klimeš, 1984; Červený et al., 2007).

For practical purposes, it is more comfortable to perform the computations in Carte-
sian coordinates. In order to make such computations possible, we transform locally the
2× 2 matrices M(q), Q(q) and P(q) in ray-centred coordinates to the analogous 3× 3 ma-
trices M̂(x), Q̂(x) and P̂(x) in Cartesian coordinates. We could obtain these matrices by
using DRT in Cartesian coordinates as, e.g., Červený (1972), Ralston (1983), Leung et
al. (2007), Tanushev (2008). In the evaluation of Q̂(x) and P̂(x) by dynamic ray tracing
along the central ray Ω, it is sufficient to compute only the first two columns of these
matrices (Gajewski and Pšenč́ık, 1990). These two columns of 3 × 3 matrices Q̂(x) and
P̂(x) are quite sufficient for the evaluation of the integral superposition of Gaussian beams
in Cartesian coordinates.

The derived integral superposition of Gaussian beams can be used also for waves
propagating in inhomogeneous weakly anisotropic media, including coupled S waves.

To make the paper more readable and understandable, we try to explain the main
procedures based on the ray method as simply as possible, and shift the mathematics to
appendices. In the appendices, however, we include all ray-theory prerequisites needed
in the computations of Gaussian beams in inhomogeneous anisotropic layered media.
In Section 2, we present several basic equations of the ray method for inhomogeneous
anisotropic layered media, discuss ray tracing equations and DRT equations, and describe
the computation of ray-theory amplitudes. In anisotropic media, both ray tracing and
dynamic ray tracing are usually more time-consuming than in isotropic media, particularly
for media of lower anisotropic symmetry. We also explain how to simplify the dynamic
ray tracing in Cartesian coordinates, which can be reduced to the computation of only
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two first columns of matrices Q̂(x) and P̂(x). Section 3 is devoted to the transformation
of the known integral superposition of Gaussian beams in inhomogeneous anisotropic
media in ray-centred coordinates to those in Cartesian coordinates. The derived integral
superposition in Cartesian coordinates is expressed in terms of only two columns of 3× 3
matrices Q̂(x) and P̂(x). This considerably simplifies the integral superposition formulae.
Section 4 is devoted to integral superposition of Gaussian beams in inhomogeneous weakly
anisotropic media. The used weak anisotropy approximation includes automatically the
coupling ray theory of S waves. Finally, in section 5 some important concluding remarks
are presented. The list of references contains even some references not used in the text.
We put them there with the expectation that a reader might find them useful.

To express the equations in the paper in a concise form, we use alternatively the
component and matrix notation for vectors and matrices. In the component notation,
the upper-case indices (I, J, K,...) take the values 1 or 2, and the lower-case indices
(i, j, k,...) the values 1, 2, or 3. The Einstein summation convention is used throughout
the paper. The matrices and vectors are denoted by bold upright symbols. The dynamic
ray tracing is used here in two coordinate systems, namely in ray-centered coordinates qi
and in Cartesian coordinates xi. To distinguish the matrices in ray-centred coordinates
qi from the analogous matrices in Cartesian coordinates xi, we use superscripts (q) and
(x) over them. Further, to distinguish between 2 × 2 and 3 × 3 matrices, we use the
circumflex (̂ ) above the symbol for 3× 3 matrices. The vectors are considered as column
matrices. In this way, the scalar product of vectors a and b reads aTb, the dyadic reads
abT . Whenever there may be reason for confusion, the dimensions of the matrices are
explicitly indicated. The index following the comma in the subscript indicates a partial
derivative with respect to the relevant Cartesian coordinate.

2 Ray theory for inhomogeneous anisotropic layered

structures

In this section, we discuss basic techniques of computing ray-theory quantities of an
arbitrary high-frequency seismic body wave propagating in an inhomogeneous anisotropic
layered structure.

2.1 Basic equations of the ray method

The paraxial Gaussian beams represent an extension of the ray concepts. For this reason,
it is useful to introduce briefly basics of the ray theory.

Let us consider an inhomogeneous anisotropic perfectly elastic medium. The source-
free elastodynamic equation for this medium reads:

(cijkluk,l),j = ρ üi . (1)
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Here ui(xn) are the Cartesian components of the displacement vector u(xn), cijkl(xn) are
real-valued elastic moduli (components of the stiffness tensor), ρ(xn) is the density and
xn are the Cartesian coordinates. In the zero-order approximation of the ray method, the
time-harmonic solution of (1) for any high-frequency seismic body wave is usually sought
in the following form:

u(xi, t) = U(xi) exp[−iω(t− T (xj))] . (2)

Here T (xi) is the travel time, U(xi) the complex-valued vectorial ray-theory amplitude, ω
the circular frequency, and t time. Inserting (2) into (1), and setting to zero coefficients of
varying powers of ω, we arrive at the basic system of the ray theory equations. Considering
the equations corresponding to the highest power of ω (specifically ω2), we obtain the
system of three equations for Uk:

(Γik − δik)Uk = 0 , i = 1, 2, 3 . (3)

The 3× 3 matrix Γ̂(xm, pn) is given by the relation

Γik(xm, pn) = aijkl(xm)pjpl , (4)

and is usually called the generalized Christoffel matrix. Here aijkl are the density-
normalized elastic moduli

aijkl(xn) = cijkl(xn)/ρ(xn) . (5)

The quantities pi = ∂T/∂xi are Cartesian components of the slowness vector p.

The Christoffel matrix with elements (4) has three eigenvalues Gm(xi, pj) and three
corresponding eigenvectors g(m)(xi, pj), m = 1, 2, 3. They correspond to the three elemen-
tary waves, propagating in inhomogeneous anisotropic media, specifically P, S1 and S2
waves. Since matrix Γ̂ is symmetric and positive definite, all the three eigenvalues G1, G2

and G3 are real-valued and positive. Moreover, they are homogeneous functions of the
second degree in pi. For simplicity, in the following we consider that all three eigenvalues
are different.

Let us consider the m-th elementary wave. It follows from (3) that the eigenvalue Gm

of this wave satisfies the relation

Gm(xi, pj) = 1 . (6)

Equation (6) is a non-linear partial differential equation of the first order for the travel time
function T (xi). It is usually called the eikonal equation for a inhomogeneous anisotropic
medium. It can be expressed alternatively in the4 Hamiltonian form

H(xi, pj) =
1
2
Gm(xi, pj) =

1
2
. (7)

The Hamiltonian H(xi, pj) is used in ray tracing and dynamic ray tracing (DRT), see
Appendices A and B.

The vectorial ray-theory amplitude U(xi) of the m-th elementary wave can be ex-
pressed in terms of the unit real-valued eigenvector g(m) of the generalized Christoffel
matrix with elements (4) as follows:

U(xi) = A(xi)g
(m)(xi) . (8)
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Here A(xi) is a complex-valued frequency-independent scalar ray-theory amplitude. See
Section 2.4. Equation (8) shows that eigenvector g(m) specifies the polarisation of the
m-th wave. For this reason, we call g(m)(xi) the polarisation vector.

2.2 Initial-value ray tracing

Let us consider an arbitrary high-frequency seismic body wave (P, S1, S2; direct, reflected,
transmitted, multiply reflected/transmitted, etc.) propagating in a layered medium speci-
fied by smooth structural interfaces and by smooth spatial distribution of upto 21 density-
normalized elastic moduli inside layers. We can use ray tracing resulting from (7), see
Appendix A, with proper initial conditions to compute a ray Ω of the two-parametric (or-
thonomic) system of rays corresponding to a selected wave, and denote its ray parameters
γ1 and γ2. The ray tracing system consists of a system of generally non-linear ordinary
differential equations of the first order. We can introduce a monotonically increasing sam-
pling parameter γ3 along ray Ω, which uniquely specifies the position of a point on ray
Ω. Sampling parameter γ3 may be chosen in various ways. In inhomogeneous anisotropic
media, it is most convenient to take γ3 = τ , where τ is the travel time T along ray Ω
of the wave under consideration. The ray parameters γ1, γ2, together with the sampling
parameter γ3 = τ , may also serve as coordinates, and are therefore called the ray coor-
dinates γ ≡ (γ1, γ2, γ3). The ray tracing equations for inhomogeneous anisotropic media
and the initial conditions for these equations are given in Appendix A. The transformation
equations for a ray reflected/transmitted at a structural interface are also given there.

From ray tracing, we obtain the coordinates x(τ) of the points on the ray trajectory
Ω and slowness vectors p(τ) at these points. As a by-product of ray tracing, we can
determine several other useful quantities along the ray Ω, which we shall need in the
following: the ray-velocity vector U(τ) = dx(τ)/dτ , the unit vector t(τ) = U(τ)/|U(τ)|
tangent to the ray Ω, the unit vector N(τ) = p(τ)/|p(τ)| perpendicular to the wavefront,
the vector η(τ) = dp(τ)/dτ , which describes the variation of the slowness vector along
the ray, polarization vector g(τ), phase velocity C(τ) = 1/|p(τ)|, and ray velocity U(τ) =
|U(τ)|. The ray-velocity vector U(τ) is also sometimes called the energy-velocity vector
or the group-velocity vector. In non-dissipative media, the latter terms have the same
meaning. The travel time T (τ) along a ray is determined automatically as it equals the
sampling parameter along the ray, T (τ) = τ . In the following, we consider the so-called
initial-value rays specified by the initial conditions τ = τ0, x(τ0) = x0, p(τ0) = p0. The
specification of p(τ0) in isotropic media is straightforward. In anisotropic media, phase
velocity must be found first for a given direction, and only then it is possible to construct
p(τ0), see Appendix A.

The ray tracing can be used to compute all the above-mentioned quantities only on the
considered ray Ω, not in its vicinity. This is, however, not sufficient in the calculation of
the ray-theory amplitudes and/or paraxial Gaussian beams concentrated to ray Ω. This is
because the ray-theory amplitudes depend on geometrical spreading, which is a function
of the ray field, not of a single ray. In the case of paraxial Gaussian beams, we also need
to compute complex-valued paraxial travel times (the complex-valued travel times in the
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vicinity of the ray Ω). For the computation of the quantities related to the ray field, it
is necessary to compute system of rays around Ω or to supplement the ray tracing by an
additional procedure called dynamic ray tracing.

2.3 Dynamic ray tracing

The dynamic ray tracing (DRT) is a basic procedure for the computation of geometrical
spreading and for the computation of second derivatives of the travel time field with
respect to spatial coordinates along the ray. Geometrical spreading is a basic quantity
in the computation of the ray-theory amplitudes along the ray. Therefore, we speak of
dynamic ray tracing in order to distinguish it from the standard kinematic ray tracing.
Dynamic ray tracing consists in the solution of a system of linear ordinary differential
equations of the first order along the ray Ω. The system may be solved together with ray
tracing, or along an already known ray Ω.

The DRT system can be expressed in various coordinate systems (global Cartesian xi,
ray-centred qi, or local Cartesian wavefront orthonormal yi, etc.). The DRT system in ray-
centred coordinates, with its application to the computation of paraxial Gaussian beams
was described in detail in Červený and Pšenč́ık (2010a). This paper is devoted to three
versions of DRT. First we briefly discuss the DRT system in global Cartesian coordinate
system xi, and then in ray-centred coordinates qi. To distinguish the 2×2 matrices in ray-
centred coordinates qi from the analogous 3× 3 matrices in global Cartesian coordinates
xi3, we use superscripts (q) or (x) over relevant symbols. Since the components of vectors
are expressed in Cartesian coordinates, we use superscripts (x) and (q) over them only in
cases which may lead to misunderstanding. The third version of the DRT is the simplified
DRT in global Cartesian coordinates, in which the 3×2 matrices instead of 3×3 matrices
are considered. It may represent a more efficient procedure.

2.3.1 Dynamic ray tracing system in global Cartesian coordinates

Let us consider six paraxial quantities

Q
(x)
i = ∂xi/∂γ , P

(x)
i = ∂pi/∂γ , (9)

where i = 1, 2, 3. They describe the changes of the trajectory x(τ) and of the relevant
slowness vector p(τ), caused by the change of a parameter γ. The parameter γ may be
any of the initial conditions xi0 or pi0 for ray tracing, or any ray coordinate. Paraxial
quantities (9) can be computed by solving the DRT system in global Cartesian coordinates,
see equations (B-1)-(B-2) in Appendix B.

The dynamic ray tracing system in global Cartesian coordinates is often used to seek
3× 3 matrices Q̂(x), P̂(x), with elements

Q
(x)
ij = ∂xi/∂γj , P

(x)
ij = ∂pi/∂γj . (10)
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Here γi are the ray coordinates or γi = xi0, or γi = pi0. The DRT system in a matrix
form is given in (B-5).

The 3× 3 matrices Q̂(x) and P̂(x) can be used to compute the 3× 3 symmetric matrix
M̂(x) of the second-order partial derivatives of the travel time T (xm) with respect to
spatial derivatives xi:

M
(x)
ij = ∂2T (xm)/∂xi∂xj . (11)

It is easy to show that the 3 × 3 matrix M̂(x), with nine elements M
(x)
ij , can be simply

expressed in terms of 3× 3 matrices Q̂(x) and P̂(x), obtained from the DRT. As

M
(x)
ij Q

(x)
jk =

∂2T

∂xi∂xj

∂xj

∂γk
=

∂pi
∂γk

= P
(x)
ik , (12)

we obtain
M̂(x) = P̂(x)(Q̂(x))−1 . (13)

Actually, the 3 × 3 matrix M̂(x) could be also computed directly without calculation
of P̂(x) and Q̂(x) from Riccati equation solved along the ray (Ralston, 1983). The Riccati
equation is, however, a non-linear ordinary differential equation, which is not as
suitable for the computation as the system of linear DRT equations.

2.3.2 Dynamic ray tracing in ray-centred coordinates

The basic property of the ray-centred coordinate system is that the selected central ray
Ω represents its coordinate axis q3. The q1 and q2 coordinate axes may be introduced in
many ways. For an up-to-date review see Klimeš (2006b). Mostly, they are introduced
as mutually perpendicular straight lines situated in the plane tangent to the wavefront
at its intersection with the central ray Ω. The transformation relation between Cartesian
coordinates xi and ray-centred coordinates qj then reads

xi(qj) = xΩ
i (q3) +HiM(q3)qM , (14)

where i, j = 1, 2, 3 and M = 1, 2. Central ray Ω is specified by q1 = q2 = 0, so that
x(0, 0, q3) = xΩ(q3), where x

Ω denotes a point on the ray Ω. Similarly as in kinematic ray
tracing, we can take coordinate q3 equal to the travel time τ along central ray Ω, q3 = τ .
Let us emphasize that the choice q3 = τ simplifies the computations considerably, as it
leads to the following simple relations, valid at any point of the central ray Ω:

∂T/∂q3 = 1 , ∂2T/∂q3∂qi = 0 . (15)

Note also that ∂T/∂qI = 0 at any point of Ω. Simple relations (15) are not valid for other
choice of the parameter q3 along Ω, e.g., for the arclength s. It is important to emphasize
this, since the arclength along Ω has been commonly used in ray-centred coordinates in
inhomogeneous isotropic media. In this respect, our treatment differs from the common
treatment in isotropic media.
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The elements of the 3 × 3 transformation matrices Ĥ and Ĥ from ray-centred to
Cartesian coordinates and back, are defined as follows:

Him = ∂xi/∂qm , H im = ∂qi/∂xm . (16)

As the ray-centred coordinate system is curvilinear, we have to distinguish two systems
of basis vectors: the contravariant basis vectors e1, e2, e3 (tangential to coordinate axes),
and the covariant basis vectors f1, f2, f3 (perpendicular to coordinate surfaces). These

basis vectors constitute columns of 3× 3 transformation matrices Ĥ and Ĥ
T

:

Ĥ = (e1, e2, e3 = U) , Ĥ
T

= (f1, f2, f3 = p) . (17)

The obvious relation H ikHkj = δij can be expressed in terms of ei and fi as follows:

fTi ej = δij . (18)

Equation (18) yields vectorial relations pTU = 1, pTeI = 0, UT fI = 0. Thus, vectors
eI are perpendicular to the slowness vector p, and vectors fI are perpendicular to the
ray-velocity vector U , i.e. to the ray. Equation (18) also yields:

f1 =
e2 × U

UT (e1 × e2)
= C−1(e2 × U) , f2 =

U × e1

UT (e1 × e2)
= C−1(U × e1) . (19)

Equations (17) can be also expressed in a more compact way:

Ĥ = (E ,U) , Ĥ
T

= (F ,p) , (20)

where E and F are 3× 2 matrices

E =

 e11 e21
e12 e22
e13 e23

 , F =

 f11 f21
f12 f22
f13 f23

 . (21)

We also obtain

det Ĥ = det(E ,U) = C , det Ĥ = det(F ,p) = 1/C . (22)

The contravariant basis vectors e1 and e2 can be determined by solving simple ordinary
differential equations of the first order along central ray Ω:

deI/dτ = −(eTI η)p/(p
Tp) . (23)

Here p and η = dp/dτ are known from kinematic ray tracing. At a selected point τ0 of
central ray Ω, we take the initial values for e1 and e2 such that they form a triplet of
mutually perpendicular unit vectors with N = Cp. It is possible to prove that vectors
e1, e2, N form then right-handed, unit and mutually perpendicular triplet along the
whole central ray Ω. Consequently, it is sufficient to calculate only e1(τ) using (23), as
e2(τ) = N(τ) × e1(τ). The numerical determination of e1(τ) using (23) is sufficient to
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determine analytically the 3× 2 matrices E and F . Since e3 = U and f3 = p are known

from ray tracing, we can also determine the complete transformation matrices Ĥ and Ĥ,
see (20). Note that vectors f1 and f2 are not necessarily unit and mutually perpendicular,
but e1 and e2 are.

The DRT system in ray-centred coordinates (Červený and Pšenč́ık, 2010a) can be used
to compute the following partial derivatives along the central ray Ω:

Q
(q)
I = ∂qI/∂γ , P

(q)
I = ∂p

(q)
I /∂γ . (24)

Here γ is any of the ray parameters. Symbol p
(q)
I denotes the I-th component of slowness

vector p in the ray-centred coordinate system, p
(q)
I = HkIpk. Quantities Q

(q)
I and P

(q)
I

(I = 1, 2) specify the off-ray paraxial changes of qI and p
(q)
I , caused by the changes of γ.

Q
(q)
I and P

(q)
I may be used to calculate paraxial rays, paraxial travel times, the paraxial

slowness vectors, etc. In 3-D models, the DRT system consists of four linear ordinary
differential equations of the first order for Q

(q)
I and P

(q)
I . The actual form of the DRT

system in ray-centred coordinates and the transformation of this DRT system across a
structural interface is described in Červený and Pšenč́ık (2010a).

In an orthonomic system of rays, in which any ray is specified by two ray parameters
γ1, γ2, it is useful to express the DRT system in ray-centred coordinates in matrix form.
We introduce two 2× 2 matrices Q(q) and P(q), with elements

Q
(q)
IJ = ∂qI/∂γJ , P

(q)
IJ = ∂p

(q)
I /∂γJ . (25)

To compute the 2 × 2 matrices Q(q) and P(q), we need to solve the dynamic ray tracing
system for Q

(q)
I and P

(q)
I , consisting of four equations twice, with different initial condi-

tions corresponding to ray parameters γ1 and γ2. The coefficients in both DRT systems,
however, remain the same. Both systems can be solved together. As the coefficients in
both systems are evaluated only once, the solution for Q

(q)
IJ and P

(q)
IJ is not much slower

than the solution for Q
(q)
I and P

(q)
I .

From the 2×2 matrices Q(q) and P(q), we can obtain the important 2×2 matrix M(q)

of the second derivatives of travel-time field T with respect to ray-centred coordinates q1
and q2,

M
(q)
IJ = ∂2T/∂qI∂qJ . (26)

It is easy to show that the symmetric matrix M(q) with three independent elements M
(q)
IJ

can be expressed in terms of Q(q) and P(q). As

M
(q)
IJ Q

(q)
JK =

∂2T

∂qI∂qJ

∂qJ
∂γK

=
∂p

(q)
I

∂qJ

∂qJ
∂γK

=
∂p

(q)
I

∂γK
= P

(q)
IK , (27)

we obtain
M(q) = P(q)Q(q)−1 . (28)
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2.3.3 Simplified DRT in global Cartesian coordinates

The disadvantage of the DRT system in the ray-centred coordinates with respect to global
Cartesian coordinates is that the DRT system in ray-centred coordinates is more com-
plicated than in global Cartesian coordinates. The reason is that we have to rotate
appropriately the whole system at any step of computation. The disadvantage of the
DRT system in global Cartesian coordinates is the number of its equations. We can,
however, simplify the DRT in global Cartesian coordinates, and compute only the first
two columns of 3× 3 matrices Q̂(x) and P̂(x), namely the elements Q

(x)
iJ and P

(x)
iJ . These

four columns are quite sufficient for the computation of paraxial ray approximations and
paraxial Gaussian beams, at any point τ of the central ray. The great advantage of the
simplified DRT system is that the DRT system itself remains as simple as in global Carte-
sian coordinates and, at the same time, the number of equations reduced. The procedure
is as follows:

a) At the initial point τ0 of the ray, we specify the initial conditions Q
(x)
iN (τ0) and

P
(x)
iN (τ0). For a point source, see (B-10) and (B-11), and for a surface source, see (B-20)

and (B-21).

b) We perform the DRT in global Cartesian coordinates, but only for 3 × 2 matrices

Q
(x)
iN (τ) and P

(x)
iN (τ), see (B-26).

The simplified DRT system in global Cartesian coordinates is presented in Appendix
B, see eq. (B-26). Let us note that the simplified DRT in Cartesian coordinates can
be used very efficiently for the Gaussian beam computations with such codes like AN-
RAY (Gajewski and Pšenč́ık, 1990). In fact, the simplified Cartesian DRT system with
point source initial conditions has been already used in ANRAY, see Pšenč́ık and Teles
(1996). In order to generalize ANRAY for paraxial Gaussian beam computations, it will
be sufficient to add solution of the simplified DRT with the plane-wave initial conditions.
Let us note that in some cases, the solution with the plane-wave initial conditions is not
necessary. For more details see Červený (2001, sec.4.2), Červený and Pšenč́ık (2009).

2.3.4 Comments on dynamic ray tracing

The applications of the DRT are much broader than discussed in previous sections. As
the travel time T = τ along the ray Ω and its first derivatives pi = ∂T/∂xi are known

from ray tracing, and as the second derivatives M
(x)
ij can be determined using the DRT,

we can make a spatial quadratic expansion of the travel time at an arbitrary point of the
ray. Consequently, we can determine approximately the travel time T (xm) even at points
xm situated in the vicinity of the ray Ω. We speak of paraxial travel time and of quadratic
(paraxial) vicinity of the ray Ω. We can also construct linear expansion of the slowness
vector and compute paraxial rays in the paraxial vicinity of the central ray Ω. Actually,
the DRT system itself represents an approximate ray tracing system for paraxial rays
in a vicinity of the central ray. For this reason, the dynamic ray tracing is often called
paraxial ray tracing. Here, we are not interested in paraxial rays and speak of dynamic
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ray tracing.

For the evaluation of paraxial travel times, it is useful to transform the 2 × 2 matrix
M(q)(τ) in wavefront orthonormal coordinates to 3×3 matrix M̂(x)(τ) in global Cartesian
coordinates. The appropriate relation was derived by Červený and Klimeš (2010) and
reads:

M̂(x) = F M(q) FT + pηT + ηpT − ppT (UTη) . (29)

Here M̂(x) denotes the symmetric 3×3 matrix of the second derivatives of the travel-time
field with respect to global Cartesian coordinates, with elements M

(x)
ij = ∂2τ/∂xi∂xj,

M(q) is the 2× 2 symmetric matrix of the second derivatives of the travel-time field with
respect to ray-centred coordinates, with elements M

(q)
IJ = ∂2τ/∂qI∂qJ . The quantities p,

η and U are slowness, eta and ray-velocity vectors, which are known from ray tracing.
Finally, F is a 3× 2 matrix, F = (f1, f2), see (21). The transformation equation (29) can
be used for simple computation of the 3 × 3 matrix M̂(x) from the 2 × 2 matrix M(q) at
any point of central ray Ω.

Note that the 3×3 matrix M̂(x) in global Cartesian coordinates can be also computed
directly by dynamic ray tracing in global Cartesian coordinates. Consequently, equation
(29) is useful mainly when the DRT system is solved in ray-centred coordinates qi, or
when the simplified DRT in Cartesian coordinates is used.

In the DRT system in Cartesian coordinates, the 3 × 3 matrices Q̂(x) and P̂(x), with
elements Q

(x)
ij and P

(x)
ij , are computed along the ray. Thus the number of solved equations

is higher than in ray-centred coordinates. The DRT system in Cartesian coordinates,
however, has simpler right-hand sides, especially in anisotropic media. The DRT system
in Cartesian coordinates for anisotropic inhomogeneous media was derived by Červený
(1972) with the purpose to compute the geometrical spreading and ray amplitudes.

An alternative version of the simplified DRT in global Cartesian coordinates, called
surface-to-surface DRT, is not treated here. For anisotropic inhomogeneous media, the
details of surface-to-surface DRT are described in Červený (2001) and Moser and Červený
(2007).

2.4 Ray-theory complex-valued amplitudes

Let us again consider a harmonic high-frequency seismic body wave propagating in a
laterally varying, anisotropic layered structure and a ray Ω corresponding to this wave.
The i-th Cartesian component of the zero-order ray-theory displacement vector u(τ) at a
point τ on ray Ω is given by the expression resulting from (2) and (8):

ui(τ) = Ui(τ)exp[−iω(t− T (τ))] = A(τ)gi(τ)exp[−iω(t− T (τ))] . (30)

Here Ui(τ) is the i-th Cartesian component of the vectorial ray-theory amplitude U(τ)
and A(τ) is the scalar ray-theory amplitude. Both Ui(τ) and A(τ) are generally complex-
valued. gi(τ) is the i-th Cartesian component of the real-valued polarization vector g(τ),
and T (τ) = τ is the travel time along ray Ω. The relation T (τ) = τ follows from the
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homogeneity of the Hamiltonian under consideration. The travel time and the polarization
vector are determined during the ray tracing. It remains to discuss the computation of
the scalar ray-theory amplitude A(τ). For this, we need results of the DRT.

For tensorial wave field uij(τ) of the Green function generated by a point force situated
at τ0, it is necessary to write (30) as follows:

uij(τ) = UG
ij (τ) exp[−iω(t− T (τ))] = AG(τ)gi(τ)gj(τ0) exp[−iω(t− T (τ))] . (31)

Here UG
ij (τ) are the Cartesian components of the tensorial ray-theory amplitude of the

Green function, and AG(τ) the scalar ray-theory amplitude of the Green function. Again,
both UG

ij (τ) and AG(τ) are in general complex-valued. The symbols gi(τ) and gj(τ0)
denote Cartesian components of the polarization vectors g.

In the following, we shall concentrate on computation of scalar ray-theory amplitudes
A(τ) and AG(τ). We shall first present the formulae for the amplitudes in ray-centred
coordinates, and only later we shall derive the relevant expressions in general Cartesian
coordinates from them.

2.4.1 Ray-theory complex-valued amplitudes in ray-centred coordinates

The scalar ray-theory amplitudes can be determined using the continuation relation along
ray Ω, which follows from the transport equation. We consider the homogeneous Hamil-
tonian (7), assume that the DRT in ray-centred coordinates has been performed along the
ray specified by proper initial conditions, and that the 2×2 matrix Q(q) is available along
the ray. We further consider two points on the ray specified by τ and τ0, and assume that
A(τ0) and detQ(q)(τ0) are known and detQ(q)(τ0) ̸= 0. Then the continuation formula in
ray-centred coordinates reads:

A(τ) =

[
ρ(τ0)C(τ0)
ρ(τ)C(τ)

]1/2 [
detQ(q)(τ0)

detQ(q)(τ)

]1/2
RC(τ, τ0)A(τ0) . (32)

For a detailed derivation, see Červený (2001, equation (5.4.15) with (4.14.39)). In equation
(32), ρ is the density, C the phase velocity (known from ray tracing), RC is the complete
energy reflection/transmission coefficient along ray Ω from τ0 to τ , and Q(q) is the 2× 2
matrix, which is a solution of the DRT. Its elements are defined in eq.(25). Matrix
Q(q) is often called the matrix of geometrical spreading, and | detQ(q)|1/2 the geometrical
spreading. In the ray theory, the term [detQ(q)(τ0)/detQ

(q)(τ)]1/2 is usually expressed
in terms of modulus (related to geometrical spreading) and phase (phase shift due to
caustics),

A(τ) =

[
ρ(τ0)C(τ0)

ρ(τ)C(τ)

] [
| detQ(q)(τ0)|
| detQ(q)(τ)|

]1/2
RC(τ, τ0)e

iT c

(τ, τ0)A(τ0) . (33)

The phase shift due to caustics T c(τ, τ0) can be specified by the so-called KMAH index.
Continuation relations (32) and (33) are regular as long as detQ(q)(τ) is non-zero.
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The complete energy R/T coefficient RC from τ0 to τ along Ω is a product of the
plane-wave energy R/T coefficients determined at all points of incidence of ray Ω on
the structural interfaces between τ0 and τ . Mode conversions at individual interfaces
are automatically included in RC . The algorithms for computing the plane-wave energy
R/T coefficients at structural interfaces are well known, see, e.g., Červený (2001), where
other references can also be found. For this reason, we do not discuss these algorithms
here. Let us emphasize that in the zero-order approximation of the ray method, reflec-
tion/transmission of any high-frequency seismic wave at a curved interface separating two
inhomogeneous media is described by plane-wave R/T coefficients. They do not depend
on the curvatures of the considered interface and of the wavefront of the incident wave at
the point of incidence at the interface. They also do not depend on the gradients of the
density and the density-normalized elastic moduli at the point of incidence on both sides
of the interface. Consequently, the R/T coefficients in the zero-order ray approximation
depend only on local values of the density and the density-normalized elastic moduli at
the point of incidence (on both sides of the interface) and on the angle of incidence. We
further emphasize that RC is a product of the energy R/T coefficients, not of the displace-
ment R/T coefficients. With the displacement R/T coefficients, eq.(32) would include a
multiplicative factor.

There is an important aspect related to the use of eq.(32) or eq.(33) for the scalar
ray-theory amplitude A(τ), which corresponds to the zero-order approximation of the ray
method. The equation is valid along any ray situated in a smoothly varying inhomoge-
neous medium with smooth structural interfaces. With increasing strength of variations
of the medium (with its decreasing smoothness), one must expect decrease of the accuracy
of the scalar ray-theory amplitude A(τ).

We emphasize the important assumption made in the derivation of the continuation
relations (32) and (33), namely that detQ(q)(τ0) ̸= 0. The case of detQ(q)(τ0) = 0 plays
an important role when a point source is situated at τ0. In this case, it is more useful to
use the Green function amplitude AG(τ) from (31). It is given by the relation

AG(τ) =
RC exp[iT c(τ, τ0)]

4π[ρ(τ)ρ(τ0)C(τ)C(τ0)]1/2L(τ, τ0)
, (34)

see Červený (2001, eq. (5.4.24)) or Červený et al. (2007, eq.78). The function L(τ, τ0),
called the relative geometrical spreading, is given by the relation

L(τ, τ0) = [| detQ(q)
2 (τ, τ0)|]1/2 . (35)

The 2×2 matrix Q
(q)
2 (τ, τ0) is one of 2×2 submatrices of the 4×4 ray propagator matrix

Π(τ, τ0) in ray-centred coordinates

Π(τ, τ0) =

(
Q

(q)
1 (τ, τ0) Q

(q)
2 (τ, τ0)

P
(q)
1 (τ, τ0) P

(q)
2 (τ, τ0)

)
. (36)

The ray propagator matrix Π(τ, τ0) is the solution of dynamic ray tracing in ray-centred
coordinates, with initial conditions

Π(τ, τ0) = I , (37)

122



where I is a 4 × 4 identity matrix. The function T c(τ, τ0) in (34) is the complete phase
shift due to caustics along the ray from the source to the receiver. The possible phase
shift directly at the source is included. For details and computation of phase shift due
to caustics see Klimeš (2010, 2014c). We do not present here the details, as it is not our
intention to use formulae in ray-centred coordinates, but in Cartesian coordinates. The
formulae in ray-centred coordinates are used here only as an auxiliary tool.

An alternative expression for the relative geometrical spreading L(τ, τ0) is obtained
from the well-known property of the ray-propagator matrix Π(τ, τ0):(

Q(q)(τ)
P(q)(τ)

)
= Π(τ, τ0)

(
Q(q)(τ0)
P(q)(τ0)

)
. (38)

See Červený (2001, eq.(4.3.29)). For a point source situated at τ0 we have Q(q)(τ0) = 0,
so that

Q(q)(τ) = Q
(q)
2 (τ, τ0)P

(q)(τ0) . (39)

Then we obtain from (35)

L(τ, τ0) =
[
| detQ(q)(τ)|
| detP(q)(τ0)|

]1/2
. (40)

2.4.2 Ray-theory complex-valued amplitudes in Cartesian coordinates

In this section, we shall present the relations for the ray-theory amplitudes A(τ) and
ray-theory amplitudes of the Green function AG(τ) in general Cartesian coordinates.

First we derive the relations for A(τ). For this, we need a relation between Q̂(x)(τ)
and Q(q)(τ). Let us introduce the matrix Q̂(q)(τ) as follows:

Q̂
(q)
(τ) =

 Q11(τ) Q12(τ) C(τ)p(q)1 (τ)

Q21(τ) Q22(τ) C(τ)p(q)2 (τ)
0 0 1

 . (41)

The transformation relation between the 3× 3 matrices Q̂(q)(τ) and Q̂(x)(τ) reads

Q̂(x)(τ) = Ĥ(τ)Q̂(q)(τ) , (42)

where Ĥ(τ) is the transformation matrix (17). Equation (42) yields,

Q̂(q)(τ) = Ĥ−1(τ)Q̂(x)(τ) . (43)

As det Ĥ(τ) = C(τ) and from (41) follows that det Q̂(q)(τ) = detQ(q)(τ), we obtain

detQ(q)(τ) = C−1(τ) det Q̂(x)(τ) . (44)

Equation (33) then yields

A(τ) =

[
ρ(τ0)| det Q̂(x)(τ0)|
ρ(τ)| det Q̂(x)(τ)|

]1/2
RC(τ, τ0)e

iT c(τ,τ0)A(τ0) . (45)
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This is the final relation for A(τ) expressed in general Cartesian coordinates.

For | det Q̂(x)(τ)| we can also write

| det Q̂(x)(τ)| = |ϵijkQ(x)
i1 Q

(x)
j2 Uk| . (46)

For a homogeneous Hamiltonian, we can write

ϵijkQ
(x)
i1 Q

(x)
j2 = ±|X1 ×X2|nk = ±|X1 ×X2|Cpk , (47)

where ϵijk is the Levi-Civita symbol, and

Xi1 = Q
(x)
i1 , Xi2 = Q

(x)
i2 , . (48)

We obtain finally

A(τ) =

[
ρ(τ0)C(τ0)

ρ(τ)C(τ)

]1/2 [ |X1(τ0)×X2(τ0)|
|X1(τ)×X2(τ)|

]1/2
RC(τ, τ0)e

iT c(τ,τ0)A(τ0) . (49)

This is an alternative expression for the ray-theory amplitude A(τ) in Cartesian coor-
dinates. Klimeš (2014b) showed that equation (45), even if we insert (46) into it, is
valid even for inhomogeneous Hamiltonians, whereas (49) is valid only for homogeneous
Hamiltonians.

For the ray-theory amplitudes of the Green function, expressed in Cartesian coordi-
nates, we have to transform the relative geometrical spreading L(τ, τ0) given by (40) from
ray-centred coordinates to Cartesian coordinates. For the transformation of | detQ(q)(τ)|,
we can use (44). The transformation between detP(q)(τ) and detP(x)(τ) is, however,
more complicated, it contains also detQ(q)(τ). See Klimeš (1994, eq. (30)). We, however,
need here only the transformation at τ = τ0, whereQ

(q)(τ0) = 0. Then the transformation
simplifies:

| detP(q)(τ0)| = | det P̂(x)(τ0)/ det Ĥ
T

(τ0)| = C(τ0)| det P̂(x)(τ0)| , (50)

see (22). This yields

L(τ, τ0) =
{

| det Q̂(x)(τ)|
C(τ0)C(τ)| det P̂(x)(τ0)|

}1/2

. (51)

Equation (51) can be also written in the following form:

L(τ, τ0) =

 |ϵijkQ(x)
i1 (τ)Q

(x)
j2 (τ)Uk(τ)|

C(τ0)C(τ)|ϵlmnP
(x)
l1 (τ0)P

(x)
m2 (τ0)pn(τ0)|


1/2

. (52)

As the vectors P
(x)
l1 (τ0) and P

(x)
m2 (τ0) are tangent to the slowness surface, we obtain

ϵlmnP
(x)
l1 (τ0)P

(x)
m2 (τ0) = ±|Y1(τ0)×Y2(τ0)| Un(τ0)/U(τ0) , (53)
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and
|ϵlmnP

(x)
l1 (τ0)P

(x)
m2 (τ0)pn(τ0)| = |Y1(τ0)×Y2(τ0)|U−1(τ0) . (54)

Here we have used the notation

Yl1(τ0) = P
(x)
l1 (τ0) , Ym2(τ0) = P

(x)
m2 (τ0) . (55)

The final relation for the relative geometrical spreading L(τ, τ0) reads

L(τ, τ0) =
{

U(τ0)|X1(τ)×X2(τ)|
C(τ0)|Y1(τ0)×Y2(τ0)|

}1/2

. (56)

We emphasize that equation (56) is valid only for homogeneous Hamiltonians (i.e., for τ
corresponding to travel time along the ray). For inhomogeneous Hamiltonians see Klimeš
(2014b).

3 Time-harmonic integral superposition

of paraxial Gaussian beams

Consider an arbitrary ray Ω of seismic body wave propagating in an inhomogeneous
anisotropic medium, along which ray tracing and dynamic ray tracing in Cartesian coor-
dinates have been performed. Then we can also construct the paraxial Gaussian beam
concentrated close to the ray Ω. In the frequency domain, it is given by the relation

uB(xi, ω) = UB(xi, ω) exp{iω[τ(x̃m) + (xk − x̃k)pk(x̃m)

+ 1
2
(xk − x̃k)M

(x)
kl (x̃m)(xl − x̃l)]} . (57)

Here ω is circular frequency, x̃m is a point situated on the ray Ω, close to the point xi

situated in the paraxial vicinity of Ω. The quantity τ(x̃m) is a real-valued travel time at
x̃m, calculated from the initial point S of Ω, and pk(x̃m) is the k-th Cartesian component
of the real-valued slowness vector at point x̃m. The 3×3 complex-valued matrix M̂(x)(x̃m)
is related to a 2× 2 symmetric, positive definite matrix M(x̃m). We call the 2× 2 matrix
M(x̃m) the matrix of parameters of Gaussian beams. It is because at the initial point S of
the ray Ω, it is used to specify the initial conditions for the DRT so that the matrixM(x̃m)
satisfies the existence conditions of Gaussian beams at any point of Ω, see eq.(38) and
the following discussion in Červený and Pšenč́ık (2010a). The matrix M(x̃m) controls the
shape of Gaussian beam along the ray Ω. For high frequencies ω, the paraxial Gaussian
beam (57) is narrow. For lower frequencies ω, the paraxial Gaussian beam is broader.

The relation of the matrix M̂(x)(x̃m) to the matrix of the parameters of Gaussian
beams, M(x̃m), has the same form as (29):

M̂(x) = FMFT + pηT + ηpT − ppT (UTp) . (58)

Both matrices in (58) are, however, complex valued and M(x̃m) is positive definite.
Throughout this chapter, we understand systematically that M̂(x) and M are related
by (58).
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In equation (57), both for vectorial and tensorial uB(xi, ω) and UB(xi, ω) can be used.
The exponential in (57) remains the same in both cases.

We do not give here the expression for UB(xi, ω), as we are not interested in individual
paraxial Gaussian beams, but in the integral superposition of paraxial Gaussian beams.
The amplitude terms of individual paraxial Gaussian beams in the superposition will be
discussed in a great detail in the next section.

The expression for paraxial Gaussian beams in inhomogeneous anisotropic media and
for their integral superposition can be used for all the three elementary waves propagating
in inhomogeneous anisotropic media, namely the P wave and the two S waves, S1 and S2.
The two S waves, however, often interfere and form one coupled S wave. This coupled S
wave can be evaluated using the coupling ray theory. We can again construct the paraxial
Gaussian beams and integral superposition of paraxial Gaussian beams for coupled S
waves.

Integral superposition of Gaussian beams can be also used in inhomogeneous weakly
anisotropic media, in which weak anisotropy approximation can be used. This leads to the
simplification of ray tracing and dynamic ray tracing. Most importantly, weak anisotropy
approach includes automatically the above-mentioned coupling ray theory. As the integral
superposition of paraxial Gaussian beams in inhomogeneous weakly anisotropic media is
an important topic, we shall discuss the evaluation of quantities, necessary for the integral
superposition in weakly anisotropic media in a great detail in Chapter 4.

In the following section, we derive several expressions for time-harmonic integral su-
perposition of paraxial Gaussian beams in Cartesian coordinates, for inhomogeneous
anisotropic layered structures. We start with known expressions in ray-centred coor-
dinates, and transform these expressions to Cartesian coordinates. We shall also present
expressions for integral superposition along a target surface. This expression may be
suitable in many applications.

3.1 Integral superposition of paraxial Gaussian beams

in ray-centred coordinates

The expression for integral superposition of paraxial Gaussian beams in 3D isotropic
media, was first derived by Klimeš (1984a, equation (77)). See also Červený, Klimeš and
Pšenč́ık (2007, equation (169)). These equations can be used, with a small modification,
even for inhomogeneous anisotropic media. The latter equation reads:

u(xm, ω) = (ω/2π)
∫∫
D

dγ1dγ2U(xm)| detQ(q)(x̃m)|

× {− det[M(q)(x̃m)−M(x̃m)]}1/2 (59)

× exp{iω[τ(x̃m) + (xk − x̃k)pk(x̃m) +
1
2
(xk − x̃k)M

(x)
kl (x̃m)(xl − x̃l)]} .

Here Q(q)(x̃m), M
(q)(x̃m) and M(x̃m) are 2 × 2 matrices in ray-centred coordinates, and

M
(x)
kl are elements of the 3 × 3 complex-valued, symmetric matrix M̂(x)(x̃m) specified
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in Cartesian coordinates. The matrix M(q)(x̃m) is a real-valued matrix of the second
derivatives of travel time with respect to ray-centred coordinates qI . The 3 × 3 matrix
M̂(x)(x̃m) is related to the 2×2 matrix of parameters of paraxial Gaussian beams, M(x̃m),
through equation (58).

The integral (59) can be slightly modified. We can write

detQ(q)(x̃m){− det[M(q)(x̃m)−M(x̃m)]}1/2 = [− detN (x̃m)]
1/2 , (60)

where the 2× 2 matrix N (x̃m) is given by the relation

N (x̃m) = Q(q)T (x̃m)P
(q)(x̃m)−Q(q)T (x̃m)M(x̃m)Q

(q)(x̃m) . (61)

The argument of [− detN (x̃m)]
1/2 is given by the relation

Re[− detN (x̃m)]
1/2 > 0 for ImN (x̃m) ̸= 0 . (62)

Inserting (60) into (59) we obtain the expression for the integral superposition of Gaussian
beams in ray-centred coordinates in the form:

u(xm, ω) = (ω/2π)
∫∫
D

dγ1dγ2U(xm)[− detN (x̃m)]
1/2 (63)

× exp{iω[τ(x̃m) + (xk − x̃k)pk(x̃m) +
1
2
(xk − x̃k)M

(x)
kl (x̃m)(xl − x̃l)]} .

3.2 Integral superposition of paraxial Gaussian beams

in Cartesian coordinates

In this section, we assume that the simplified DRT in Cartesian coordinates has been
performed. In such a way, we can determine 3×2 matrices Q(x) and P(x) with components

Q
(x)
iJ = ∂xi/∂γJ , P

(x)
iJ = ∂pi/∂γJ . (64)

The simplified DRT for these matrices is given by (B-26). We also introduce the 3 × 2
matrices X and Y by the relations

XiJ =


Q

(x)
11 Q

(x)
12

Q
(x)
21 Q

(x)
22

Q
(x)
31 Q

(x)
32

 , YiJ =


P

(x)
11 P

(x)
12

P
(x)
21 P

(x)
22

P
(x)
31 P

(x)
32

 . (65)

It is not difficult to transform integral (63) from ray-centred to Cartesian coordinates.
For this, we only need to transform N , as the function in the exponent is already given
in Cartesian coordinates. We use the transformation relations

Q(q) = ETX , Q(q)TP(q) = XTY , (66)

see Červený (2000, eq.(6.3)). The 2× 2 matrix N (x̃m) is then given by the relation

N = XTY +XTEMETX , (67)

where all quantities are taken at x̃m.

Thus, the final integral superposition of paraxial Gaussian beams in Cartesian coor-
dinates is again given by (63), where N is given by (67) and M

(x)
kl by (58).
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3.3 Integral superposition of paraxial Gaussian beams

in Cartesian coordinates along a target surface Σ

It is customary, but not necessary, to introduce the target surface Σ along which the
results of ray tracing, dynamic ray tracing and ray-theory amplitudes are stored for further
computations. The examples of suitable target surface Σ are the Earth’s surface (when the
wave fields is evaluated along the Earth’s surface), planes perpendicular to the Cartesian
coordinate axes x1, x2 or x3, a spherical surface with its center at S, etc. The form of
the target surface depends on the application. Receiver R should be also situated on the
target surface or in its close vicinity. We denote by RΣ

γ the point of intersection of ray Ω
specified by ray parameters γ1 and γ2 with the target surface Σ. Thus, the points RΣ

γ on
the target surface Σ are not specified in advance; they are calculated by initial value ray
tracing from the point S to target surface Σ.

Consequently, we can use the notation:

x̃m = xm(R
Σ
γ ) , xk = xk(R) . (68)

Inserting (68) into (63), we obtain

u(xm(R), ω) = (ω/2π)
∫∫
D

dγ1dγ2U(xm(R
Σ
γ ))[− detN (xm(R

Σ
γ ))]

1/2

× exp{iω[τR(xm(R
Σ
γ )) + (xk(R)− xk(R

Σ
γ ))pk(xm(R

Σ
γ ))

+ 1
2
(xk(R)− xk(R

Σ
γ )M

(x)
kl (xm(R

Σ
γ ))(xl(R)− xl(R

Σ
γ ))]} . (69)

This is the final formula for the superposition of paraxial Gaussian beams in Cartesian
coefficients along the target surface Σ. Again, the 3 × 3 matrix M̂(x) is given by (58),
where M is a 2× 2 matrix of parameters of Gaussian beams.

We add several short notes to formula (69). We emphasize again that the points RΣ
γ

are situated along the target surface Σ, but the receiver point R may be situated anywhere
in its close vicinity. The function M

(x)
kl (xm(R

Σ
γ )) is given by relation (58), in which all

quantities are taken at point RΣ
γ , and matrix M is the 2 × 2 matrix of parameters of

Gaussian beams.

The formula (69) is valid both for vectorial and tensorial u. For vectorial u, we take
U in the integral to equal the vectorial ray-theory amplitude, see (30). For tensorial u,
corresponding to the Green function, we take U in the integral to equal the tensorial
ray-theory amplitude of the Green function UG, see (31). The 2 × 2 matrix N is given
by (67).
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4 Quantities necessary for evaluation

of summation integrals

in weakly anisotropic media

All the procedures of the previous sections can be also specified for inhomogeneous, weakly
anisotropic media. This leads to simplification of ray tracing and dynamic ray tracing
equations and also to simpler and explicit expressions for the phase velocity and polar-
ization vectors. S waves, which propagate coupled in weakly anisotropic media and in
vicinities of S-wave singularities, represent certain complication. It can be removed if
instead of two elementary S waves propagating generally in anisotropic media, we deal
with a single coupled S wave. In the following, we consider propagation of P and coupled
S waves in inhomogeneous, weakly anisotropic media without interfaces.

For the derivation of weak-anisotropy formulae, the perturbation theory is used, in
which deviation of anisotropy from isotropy is considered to be the perturbation. Detailed
derivation of the following formulae can be found in Pšenč́ık and Gajewski (1998), Pšenč́ık
and Farra (2005, 2007) for P waves and Farra and Pšenč́ık (2008, 2010) for coupled S
waves. Many other references can be found in the above papers.

The deviation of anisotropy from isotropy is represented by 21 weak-anisotropy (WA)
parameters, which represent an alternative to 21 independent elastic moduli Cαβ or
density-normalized elastic moduli Aαβ in the Voigt notation. As Cαβ or Aαβ, the WA
parameters can be used for the specification of anisotropy of arbitrary symmetry and
strength. The WA parameters are a generalization of Thomsen’s (1986) parameters in-
troduced to describe a transversely isotropic medium with the vertical axis of symmetry
(VTI). Another generalization with respect to Thomsen’s (1986) parameters is the use of
arbitrarily chosen non-zero constant reference velocities α and β instead of P- and S-wave
velocities

√
A33 and

√
A55 along the axis of symmetry used by Thomsen (1986). Impor-

tant advantage of WA parameters is that they are related to the used coordinate system
and not to the symmetry elements (planes of symmetry, axes of symmetry) of the studied
medium. This makes their applicability to models with arbitrary anisotropy symmetry
and its orientation elementary. The use of constant reference velocities α and β makes
the use of WA parameters more flexible. When, for example, a cross-hole experiment is
considered, in which waves propagate prevailingly horizontally (and not vertically as in
Thomsen’s original design), constants α and β can be chosen so that they correspond to
the horizontal propagation. It is always desirable to specify α and β so that they make the
WA parameters small. Although WA parameters depend on the choice of the reference
velocities α and β, the formulae for the P- and S-wave eigenvalues and eigenvectors of
the Christoffel matrix, which represent squares of phase velocities and polarization vec-
tors, are independent of α and β (Farra and Pšenč́ık, 2003). For more details on the WA
parameters, see Farra et al. (2015).

In contrast to Thomsen’s (1986) definition, the WA parameters are related linearly
to density-normalized elastic moduli Aαβ. Due to this, Thomsen’s parameters can be
used for the exact specification of phase velocities (Tsvankin, 2001), but WA parameters
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cannot. This, however, does not matter because WA parameters are designed for weakly
anisotropic media, in which, as illustrated by tests in the above-mentioned papers, they
work very well. Due to the linear relationship between density-normalized elastic moduli
and WA parameters, the transformation between the two types of parameters causes no
problems. WA parameters are dimensionless and small (if constants α and β are chosen
properly). They are all of comparable size (in contrast to Aαβ parameters, in which the
diagonal parameters are much larger than the off-diagonal ones), which is very convenient
property when solving various inversion problems, in which WA parameters are the sought
quantities, see, for example, Růžek and Pšenč́ık (2014).

All 21 WA parameters can be expressed in terms of 21 density-normalized elastic
parameters Aαβ in Voigt notation and two constant reference velocities α and β in the
following way:

ϵx =
A11 − α2

2α2
, ϵy =

A22 − α2

2α2
, ϵz =

A33 − α2

2α2
,

δx =
A23 + 2A44 − α2

α2
, δy =

A13 + 2A55 − α2

α2
, δz =

A12 + 2A66 − α2

α2
,

χx =
A14 + 2A56

α2
, χy =

A25 + 2A46

α2
, χz =

A36 + 2A45

α2
,

ϵ15 =
A15

α2
, ϵ16 =

A16

α2
, ϵ24 =

A24

α2
, ϵ26 =

A26

α2
, ϵ34 =

A34

α2
, ϵ35 =

A35

α2
,

ϵ46 =
A46

α2
, ϵ56 =

A56

α2
, ϵ45 =

A45

β2
,

γx =
A44 − β2

2β2
, γy =

A55 − β2

2β2
, γz =

A66 − β2

2β2
. (70)

Symbols Aαβ denote the density-normalized elastic parameters in the Voigt notation.

Please, note that the definitions of parameters δx and δy, and of parameters γx and γy
are interchanged in Pšenč́ık and Gajewski (1998, eq.(17b)), Farra and Pšenč́ık (2003, eq.
(A3)) and Pšenč́ık and Farra (2005, eq.(A-1); 2007, eq.(A1)).

Derivatives of the P-wave and S-wave eigenvalues of the generalized Christoffel matrix
play a basic role in ray tracing and dynamic ray tracing equations (A-2) with (7) and
(B-1), (B-2) with (7). In the weak-anisotropy approximation, the exact eigenvalues are
replaced by their first-order counterparts, expressed in terms of WA parameters. In case
of coupled S wave, instead of separate S-wave eigenvalues, their average is used (Bakker,
2002; Bulant and Klimeš, 2002). Thus, when solving the S-waves ray tracing equations,
instead of calculating a physical ray, an artificial trajectory, called common S-wave ray is
calculated, along which the coupled S wave is evaluated.

The explicit expressions for the first-order approximation of the P-wave eigenvalue
GP (xm, pm) and of the average of the first-order approximations of S-wave eigenvalues
GS(xm, pm) follow from equation

G(xm, pn) = aijklpjplgigk , (71)
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by expanding it with respect to the WA parameters.

The first-order approximation of the P-wave eigenvalue GP (xm, pm) reads (Pšenč́ık
and Farra, 2005, eqs (9), (12)):

GP = α2
(
pkpk + 2(pkpk)

−1[(ϵxp
4
1 + ϵyp

4
2 + ϵzp

4
3) + δxp

2
2p

2
3 + δyp

2
1p

2
3 + δzp

2
1p

2
2

+2(ϵ16p2 + ϵ15p3)p
3
1 + 2(ϵ24p3 + ϵ26p1)p

3
2 + 2(ϵ35p1 + ϵ34p2)p

3
3

+2(χxp1 + χyp2 + χzp3)p1p2p3]
)
. (72)

Expression (72) for the P-wave eigenvalue GP may seem too complicated when com-
pared, for example, with equation (71). But we must realize that the RHS of equation
(71) is composed of 81 terms while the RHS of (72) of only 16. Moreover, the exact
eigenvalue (71) specified for a P wave depends on all 21 density-normalized elastic param-
eters Aαβ while (72) depends on only 15 WA parameters. The number of WA parameters
further reduces when higher-symmetry anisotropic media are considered. In case of an
orthorhombic symmetry with planes of symmetry parallel to coordinate planes, it is 6
WA parameters ϵx, ϵy, ϵz, δx, δy and δz, in a TI symmetry with axis of symmetry parallel
to a coordinate axis only 3 parameters, ϵx, ϵz and δx! In an isotropic medium, equa-
tion (72) yields exact expression for the P-wave eigenvalue of the Christoffel matrix (4),
V 2(xm)pkpk, where V (xm) denotes the P-wave velocity.

Derivatives of GP (xm, pm) with respect to spatial coordinates xm and components pm
of the slowness vector p, which are necessary for the evaluation of right-hand sides of ray
tracing equations (A-2) and dynamic ray tracing equations (B-1) in anisotropic media of
arbitrary symmetry, are given in Appendix D. Let us emphasize again that although the
constant reference velocity α appears in the expression (72) for GP (xm, pn), and also in
its derivatives in Appendix D, GP (xm, pn) and its derivatives are independent of α.

The explicit expression for the first-order approximation of the average of the S-wave
eigenvalues, GS(xm, pm), reads (Farra and Pšenč́ık, 2008, eq. (19)):

GS = β2
(
pipi + ϵ45p1p2 + ϵ46p1p3 + ϵ56p2p3 + γy(p

2
1 + p23) + γx(p

2
2 + p23) + γz(p

2
1 + p22)

)
−α2(pipi)

−1
(
δxp

2
2p

2
3 + δyp

2
1p

2
3 + δzp

2
1p

2
2 − ϵxp

2
1(p

2
2 + p23)− ϵyp

2
2(p

2
1 + p23)− ϵzp

2
3(p

2
1 + p22)

+2(χxp1 + χyp2 + χzp3)p1p2p3 − (ϵ16p2 + ϵ15p3)p1(p
2
2 + p23 − p21)

−(ϵ26p1 + ϵ24p3)p2(p
2
1 + p23 − p22)− (ϵ34p2 + ϵ35p1)p3(p

2
1 + p22 − p23)

)
. (73)

Although the expression for GS(xm, pm) is more complicated than that for GP (xm, pm),
it still contains less terms than the exact GS(xm, pm) derived from equation (71). Simi-
larly as in the case of GP (xm, pm), the expression (73) simplifies considerably in higher-
symmetry anisotropic media. In contrast toGP (xm, pm), the average of S-wave eigenvalues
GS(xm, pm) depends on all 21 WA parameters (70) in case of the anisotropy of arbitrary
symmetry, on 9 WA parameters ϵx, ϵy, ϵz, δx, δy, δz, γx, γy and γz in orthorhombic media
with planes of symmetry parallel with coordinate planes and on 5 WA parameters ϵy, ϵz,
δx, γx and γz in TI media with axis of symmetry parallel to a coordinate axis, see Farra
and Pšenč́ık (2008).
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Derivatives of (73) with respect to xm and pn have a similar form as derivatives of (72)
given in the first part of Appendix D. For the first derivatives necessary for the evaluation
of right-hand sides of ray tracing equations (A-2) with (7), see the end of Appendix D.

As in case of GP (xm, pm), the average GS(xm, pm) od S-wave eigenvalues and its deriva-
tives are independent of constant reference velocities α and β. By solving ray tracing
equations (A-2) with derivatives of GS(xm, pm), we obtain the first-order common S-wave
ray.

Let us note that eqs (72) and (73) can be also used for the evaluation of the first-order
approximation of the square of the P-wave phase velocity and of the common S-wave
phase velocity since

C2(xm, Nm) = G(xm, Nm). (74)

It means that for the determination of the corresponding phase velocity it is sufficient to
replace the components of the slowness vector pi in eqs (72) or (73) by the components
Ni of a unit vector N parallel to the slowness vector.

Let us now present expressions for the first-order approximations of polarization vec-
tors.

The first-order P-wave polarization vector g3 is given by the formula (Pšenč́ık and
Farra, 2007, eq.(10)):

g3 = N+
B13(xm, Nm)e1 +B23(xm, Nm)e2

V 2
P − V 2

S

. (75)

The case of a coupled S wave is similar to the case of an S wave in an isotropic medium.
Instead of the determination of specific polarization vectors, we can only determine the
coupled S-wave polarization plane. The first-order polarization plane of coupled S wave
is specified by two vectors gK (Farra and Pšenč́ık, 2010, eq.(13)):

gK = eK − BK3(xm, Nm)

V 2
P − V 2

S

e3. (76)

Symbols VP and VS in (75) and (76) denote the P- and S-wave velocities corresponding
to a reference isotropic medium closely approximating the studied weakly anisotropic
medium along the considered ray. In contrast to constants α and β used in the definition
of WA parameters (70), velocities VP and VS may vary along the ray. Thus their choice
is completely independent from the choice of α and β.

The quantities Bij in (75) and (76) are elements of the matrix B(xm, Nm), which plays
an important role in the weak-anisotropy approximations. Its elements are defined as:

Bij(xm, Nm) = Γkl(xm, Nm)eikejl. (77)

The symbol Γkl denotes an element of the generalized Christoffel matrix (4) with the
slowness vector p replaced by the unit vector N in its direction. The symbols ejm denote
Cartesian components of three mutually perpendicular unit vectors e1, e2 and e3 ≡ N
also used in (75) and (76). Vectors e1 and e2 can be chosen arbitrarily in the plane
perpendicular to N. Matrix B(xm, Nm), given in (77), can be obtained by the rotation,

B = RT B̄R, (78)
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from matrix B̄(xm, Nm), specified explicitly in Appendix C, eqs (C-5). Rotation matrix
R has the following form:

R =

 cosΦ − sinΦ 0
sinΦ cosΦ 0
0 0 1

 . (79)

In (79), the angle Φ is the acute angle between the basis vectors eK introduced above
and the vectors ēK used in Appendix C, eqs. (C-2) or (C-4). Matrices B and B̄ are
independent of the choice of the constant reference velocities α and β. It can also be
shown that the terms B33, B11+B22 and B2

13+B2
23 are independent of the choice of vectors

e1 and e2. This property of B33 and B11 +B22 is obvious from equations (72) and (73) if
we realize that GP (xm, pm) = B33(xm, pm) and GS(xm, pm) = B11(xm, pm) +B22(xm, pm).

As mentioned above, by solving ray tracing equations (A-2) with the right-hand sides
specified in Appendix D, equations (D-1), we obtain first-order P-wave rays and first-
order travel times along them. We can easily increase the accuracy of the traveltimes by
calculating the second-order P-wave travel time correction ∆τ along the first-order ray
(Pšenč́ık and Farra, 2005, eq. (33)):

∆τ = −1

2

∫
c−2(xm, Nm)

B2
13(xm, Nm) +B2

23(xm, Nm)

V 2
P − V 2

S

dτ. (80)

The meaning of all quantities appearing in (80) is the same as in the above formulae. We
can see that for the evaluation of the correction (80), we can choose vectors e1 and e2
arbitrarily because the term B2

13 + B2
23 is independent of their choice. Optimum choice

of VP and VS in (80) is V 2 = (pkpk)
−1 and V 2

S = V 2
P /3, where pk are components of the

first-order slowness vector p obtained by solving (A-2) with the right-hand sides given in
Appendix D. This specification yields the most accurate results.

We have now available all necessary quantities for the evaluation of P-wave elementary
ray-theory Green function. It reads

Gray
ij (Rγ) =

g3i(Rγ)g3j(S)

4π[ρ(S)ρ(Rγ)CP (S)CP (Rγ)]1/2
exp[i TG(Rγ, S)]

L(Rγ, S)
. (81)

Quantities g3, CP and L in (81) are the first-order counterparts of the exact polarisation
vector, phase velocity and relative geometrical spreading.

The evaluation of coupled S-wave elementary ray-theory Green function is slightly
more complicated. The i-th Cartesian component of the frequency-dependent vectorial
amplitude factor at point Rγ generated by point force at S along the j-th Cartesian axis
reads:

Gray
ij (Rγ) =

A(Rγ)g1i(Rγ) + B(Rγ)g2i(Rγ)

[ρ(Rγ)CS(Rγ)]1/2L(Rγ, S)
exp[i TG(Rγ, S)]. (82)

In (82), A and B are the amplitude coefficients, which can be obtained by solving a
coupled system of two linear differential equations Farra and Pšenč́ık, 2010, eq. (21):(

dA/dτ
dB/dτ

)
= − iω

2

(
M11 − 1 M12

M12 M22 − 1

)(
A
B

)
(83)
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with the initial conditions

A(S) =
g1j(S)

4π(ρ(S)CS(S))1/2
, B(S) = g2j(S)

4π(ρ(S)CS(S))1/2
. (84)

The elements of the 2× 2 matrix M in (83) read

MKL(xm, pm) = BKL(xm, pm)− C2
S

BK3(xm, pm)BL3(xm, pm)

V 2
P − V 2

S

. (85)

For the evaluation of elements of matrix B(xm, pn) in equation (85), we need a frame of
three orthonormal vectors ei continuously varying along the common S-wave ray. For this
purpose, we can use the vectorial basis of the wavefront orthonormal coordinate system,
see, e.g., Červený (2001). In it, the vector e3 is obtained as a unit vector parallel to the
first-order slowness vector p and remaining two unit vectors can be determined by solving
the following system of ordinary differential equations along the ray:

deKi

dτ
= −C2

S(eKk
dpk
dτ

)pi, (86)

with mutually perpendicular unit vectors e1 and e2, chosen arbitrarily in the plane per-
pendicular to N at the initial point S. In fact, it is sufficient to calculate only one of
the vectors eK . The other can be found from the condition of orthogonality of all three
vectors ei. In (86), CS = CS(xm, Nm) is the first-order common S-wave phase velocity
corresponding to GS, C

2 = GS(xm, Nm).

It is important to note that the travel times obtained by solving the coupled system of
differential equations (83) contain automatically the second-order traveltime correction.
It is thus not necessary to perform the quadratures along the common S-wave ray as for
P waves, see equation (80).

The amplitudes of the first-order elementary ray-theory Green function Gray
ij (Rγ) given

by (81) for P waves, and by (82) for coupled S wave can be used in the superposition
integral (63) or (69) in the same way as the amplitude AG in (34).

5 Concluding remarks

Here we present several additional remarks and comments to the presented equations
for the integral superpositions of paraxial Gaussian beams in Cartesian coordinates. In
Chapter 3, we presented two equations for integral superpositions of paraxial Gaussian
beams, namely (63) and (69). Equation (63) has a general character, the form of superpo-
sition is not specified in it. In equation (69), the superposition along a target surface Σ is
performed. For simplicity, we refer here to the integral superposition of paraxial Gaussian
beams (69) along a target surface Σ only. Our remarks and comments are, however, in
great extent, applicable also to equation (63).

Integral superposition proposed in this paper has the following advantages:
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1) All computations, including dynamic ray tracing, are performed in global Cartesian
coordinates. Similarly, the position of the initial point S of the ray (e.g., a point source),
of the receiver point R and of the points Rγ of the intersection of rays with the target
surface Σ are specified in Cartesian coordinates.

2) It is sufficient to use only the simplified version of the dynamic ray tracing described
in Section 2.3.3, and compute only 3× 2 columns X1, X2 and Y1, Y2 of the 3× 3 matrices
Q̂(x) and P̂(x). Third columns of paraxial matrices Q̂(x) and P̂(x) are not needed at all.

3) Equation (69) is applicable even to other types of wavefields (acoustic waves, elec-
tromagnetic waves, radio waves, etc.), not only to seismic wavefields.

4) There is no need for the two point ray tracing. Only an orthonomic system of rays
which intersect the target surface Σ should be computed.

5) Equation (69) may be used for both vectorial and tensorial form of the displacement
vector u; we must only take vectorial or tensorial ray-theory amplitude U. Thus, we can
take the same equation (69) when we compute the wavefield generated at a smooth initial
surface and the wavefield generated by a point source (Green function). Only the ray-
theory amplitude U is different in both cases.

6) Equation (69) is applicable to inhomogeneous anisotropic as well as isotropic media
and also to pressure waves in liquids. Only the expression for the ray-theory amplitude
U differs in these cases.

7) Equation (69) is also applicable to models with structural interfaces with which
the wavefield interacts on a way between the source and the target surface Σ. It is only
necessary to take into account the transformation relations for ray tracing and dynamic ray
tracing at interfaces and consider the complete energy reflection/transmission coefficients
when evaluating amplitudes.

8) Equation (69) may be applied to any of the three waves P, S1, S2 propagating
in inhomogeneous anisotropic media. It can be also applied to arbitrary converted, or
multiply converted waves. In isotropic inhomogeneous media, it can be applied both to
P and S waves, and to converted waves.

9) Evaluation of the superposition integral (69) can simplify considerably in inhomo-
geneous, weakly anisotropic media when the weak-anisotropy approximation is used, in
which deviation of anisotropy from isotropy is considered a perturbation. Weak-anisotropy
approximation includes automatically the coupling ray theory (in weakly anisotropic me-
dia problems arise not only at singularities, but everywhere where anisotropy differs only
little from isotropy). The integral superposition is thus applied to two waves as in isotropic
media, to the P wave and to the coupled S wave.

10) Computations of S waves in inhomogeneous anisotropic media often collapse due to
the existence of S-wave singularities. The problem of S-wave singularities can be avoided
by the use of the coupling ray theory, in which one, coupled S wave, is considered instead
of the two separate S waves. Equation (69) can be also used for the integral superposition
of such coupled S waves.
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11) The target surface Σ used in the computation may be chosen in different ways. It
may be taken along the Earth’s surface, which is important when we compute the wave
field along the surface of the Earth. Another important possibility is to take the target
surface along planes perpendicular to the Cartesian coordinate axes.

12) As soon as the required data along the target surface Σ are available, it is possible
to compute (69) for receivers R situated arbitrarily at the target surface Σ. Moreover,
it is possible to evaluate (69) even for receivers R which are not situated on the target
surface Σ, but close to it.

13) A great advantage of equation (69) is that the target surface Σ may be taken the
same for different elementary waves. Thus, the complete wave field consisting of several
elementary waves, may be computed using the same target surface Σ.

14) The superposition integral (69) may be also used to compute the wavefield gener-
ated by various types of point sources, e.g. explosive single force or moment tensor point
sources.

15) The superposition integral (69) can also be used for other than point source, for
example, voluminal, surficial or line sources. The ray-theory expressions for line sources
required in (69) can be found in Červený and Moser (2007).

16) The computation of all quantities included in the integral superposition of paraxial
Gaussian beams is described in the paper in detail. The exception is the computation of
phase shift due to caustics, which is also needed in our equations. The computation of
the phase shift due to caustics is described in the paper Klimeš (2014c).
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Appendix A
Ray-tracing in inhomogeneous anisotropic media with interfaces

We consider the eikonal equation for inhomogeneous anisotropic media with Hamilto-
nian defined by the relation

H(xi, pj) =
1
2
Gm(xi, pj) , (A− 1)

where Gm(xi, pj) is one of the three eigenvalues of the generalized Christoffel matrix
Γik = aijklpjpl. We assume that the eigenvalue Gm differs from the other two eigenvalues.

A1) Ray tracing system

The ray tracing system is given by the system of six nonlinear ordinary differential
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equations of the first order,

dxi

dτ
=

∂H
∂pi

,
dpi
dτ

= −∂H
∂xi

. (A− 2)

Here the parameter τ along the ray represents the travel time. The right-hand sides of the
ray tracing system (A-2) represent components Ui = ∂H/∂pi of the ray velocity vector U ,
and ηi = −∂H/∂xi of vector η. They can be determined from the equations

∂H
∂pi

= Ui = aijklplg
(m)
j g

(m)
k , −∂H

∂xi

= ηi = −1

2

∂ajkln
∂xi

pkpng
(m)
j g

(m)
l (A− 3)

(no summation over m). Vector g(m) denotes the eigenvector of the Christoffel matrix
corresponding to the eigenvalue Gm of the wave under consideration (P, S1, S2).

In equations (A-2), we can use alternative expressions for ∂H/∂pi and−∂H/∂xi, which
do not contain eigenvector g(m) explicitly. These expressions are, however, algebraically
more complicated. They read (Červený, 1972):

∂H
∂pi

= Ui = aijklplDjk/Dss , −∂H
∂xi

= ηi = −1

2

∂ajkln
∂xi

pkpnDjl/Dss . (A− 4)

Here
Dij =

1
2
ϵiklϵjrs(Γkr − δkr)(Γls − δls) . (A− 5)

Symbol ϵijk represents the Levi-Civita symbol (ϵ123 = ϵ312 = ϵ231 = 1, ϵ132 = ϵ213 = ϵ321 =
−1, ϵijk = 0 otherwise).

Another alternative expression for ∂H/∂xi in ray tracing equations (A-2) is as follows.
Taking into account that Gm(xi, pj) in (A-1) is a homogeneous function of the second
degree in pj, we have Gm(xi, pj) = pkpkGm(xi, Nj) and Gm(xi, Nj) = C2(xi, Nj), where
N = p/|p| and pkpk = C−2(xi, Nj), C(xi, Nj) being the phase velocity in the direction of
the vector N. Then we can write

−∂H(xn, pj)

∂xi

= −1

2

∂Gm(xn, pj)

∂xi

= −1

2
C−2(xn, Nj)

∂C2(xn, Nj)

∂xi

. (A− 6)

For ∂H/∂pi and −∂H/∂xi we can thus write:

∂H
∂pi

= Ui(xn, pj) , −∂H
∂xi

= −C−1(xn, Nj)
∂C(xn, Nj)

∂xi

. (A− 7)

The ray tracing system (A-2) with (A-7) was proposed by Zhu, Gray and Wang (2005).
The phase velocity C and the ray-velocity vector U can be expressed exactly or approx-
imately in terms of Thomsen’s (1986) or weak-anisotropy (WA) parameters. In the case
of approximate expressions and WA parameters, the ray tracing system (A-2) with (A-7)
corresponds to the system proposed by Pšenč́ık and Farra (2005) for P-wave ray tracing.

A2) Initial conditions for rays

The initial conditions for the ray tracing system (A-2) differ from the initial conditions
for ray tracing in isotropic media. For a given direction N specifying the direction of the
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slowness vector at the initial point of the ray, we can determine phase velocities of all three
waves, C. The phase velocities are obtained as a solution of a cubic equation resulting
from the condition of solvability of the Christoffel equation

det(aijklNjNl − Cδik) = 0 . (A− 8)

Selecting the value of C corresponding to the studied wave, we can construct the slowness
vector of the studied wave at the initial point of the ray, p = N/C. The initial conditions
for the ray-velocity vector U need not be specified among initial conditions for (A-2).

Anisotropic ray tracing system (A-2), with (A-3) or (A-4) or (A-7), can be used
quite universally for P waves, including P waves in inhomogeneous isotropic and weakly
anisotropic media. For S waves, however, the situation is more complicated. Ray tracing
fails in the vicinity of S-wave singularities, where the two eigenvalues corresponding to
S waves are equal or close to each other. Ray tracing for S waves may fail globally in
very weakly anisotropic media, and fails fully in isotropic media. Remember that two
eigenvalues of S waves are equal in isotropic media. These problems can be removed if
the coupling ray theory for shear waves or its various modifications are used (Kravtsov,
1968; Coates and Chapman, 1990; Bulant and Klimeš, 2008; Farra and Pšenč́ık, 2010).

To use the ray-tracing system (A-2) for computations, we have to know initial condi-
tions x(τ0), p(τ0) at the initial point τ = τ0 of the ray. We denote here the initial point
of the ray by S. We first present here the initial conditions x(τ0), p(τ0) for a point source
situated at S, and after this the initial conditions x(τ0), p(τ0) for the point S situated at
an initial surface Σ.

a) At a point source S, the initial conditions xi(τ0), pi(τ0) are simple. It is most
common to express them in terms of the called ray parameters γ1, γ2. At a point source
S, the ray parameters γ1, γ2 are mostly taken to be the take-off angles φ0, δ0. The initial
conditions for xi(τ0), pi(τ0) for a non-moving source situated at point S are then as follows:

xi(τ0) = xi(S) , pi(τ0) = C−1(φ0, δ0)Ni(S) . (A− 9)

Here N(S) is the unit vector specified by take-off angles φ0, δ0 as follows

Ni(S) = (cosφ0 cos δ0, sinφ0 cos δ0, sin δ0) , (A− 10)

and C(φ0, δ0) is the phase velocity corresponding to the relevant direction N(S),

C(φ0, δ0) = [Gm(xi(S), Nj(S))]
1/2 . (A− 11)

We have to emphasize that the take-off angles φ0, δ0 do not specify the initial direction of
the ray, but the initial direction of the slowness vector p(S). The initial direction of the
ray is given by the ray-velocity vector U(S). U(S), however, may be simply calculated
from p(S) using the first equation in (A-3). The opposite calculation of p(S) from U(S)
is, however, very complicated.

b) At a point S situated on the initial surface Σ the initial conditions xi(τ0),
pi(τ0) of a ray are more complicated. Consider a smooth initial surface Σ, given by the
parameteric equation

x = gΣ(u1, u2) , (A− 12)
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where u1 and u2 are the initial surface coordinates, which may represent, e.g., the Gaussian
coordinates of the surface Σ. Alternatively, we can use a local Cartesian coordinate system
u1, u2 in the plane tangent to Σ with its origin at the point S. The initial travel time T 0

along Σ may be constant, or may vary with surface coordinates u1, u2,

T 0 = T 0(u1, u2) . (A− 13)

We denote
gΣ
I = ∂gΣ/∂uI , gΣ

IJ = ∂2gΣ/∂uI∂uJ ,

T 0
I = ∂T 0/∂uI , T 0

IJ = ∂2T 0/∂uI∂uJ . (A− 14)

The unit vector nΣ perpendicular to Σ is given by the relation

nΣ(u1, u2) = (gΣ
1 × gΣ

2 )/|gΣ
1 × gΣ

2 | . (A− 15)

The initial conditions xi(τ0), pi(τ0) at a point S situated on the initial surface Σ are
then given by the relations

xi(τ0) = xi(S) , pi(τ0) = σnΣ
i + pΣi , (A− 16)

where nΣ is given by (A-15), pΣ by the relation

pΣ = AIJT
0
I gJ , (A− 17)

and A is the 2× 2 matrix defined by the formula

A−1 =

(
gΣT
1 gΣ

1 gΣT
1 gΣ

2

gΣT
1 gΣ

2 gΣT
2 gΣ

2

)
. (A− 18)

The scalar σ can be determined from the eikonal equation H(xi, pj) =
1
2
, for the choice of

the wave mode (P,S1,S2). For general anisotropy and for pΣ ̸= 0, the following algebraic
equation of the sixth degree for σ is obtained:

det[aijkl(σn
Σ
j + pΣj )(σn

Σ
i + pΣi )− δik] = 0 . (A− 19)

As in the case of reflection/transmission, see the next section, three roots corresponding
to three generated waves, P, S1, S2, must be selected from the six roots of (A-19).

A3) Rays across structural interfaces

Let us now assume that a ray hits a curved structural interface. In the framework of
the zero-order ray method, the reflection/transmission problem at the point of incidence of
an arbitrary wave at a curved interface Σ separating two inhomogeneous media reduces to
the problem of incidence of a plane wave at a plane interface separating two homogeneous
media. Three reflected and three transmitted waves (P, S1, S2) are generated at the point
of incidence; some of them may be inhomogeneous. The slowness vector of any of reflected
or transmitted waves at the point of reflection/transmission is given by the relation

p̃ = σn+ pΣ . (A− 20)
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Tilde indicates that the quantity corresponds to a generated wave. In (A-20), n is the
unit normal to the interface Σ at the point of incidence. Symbol pΣ denotes the tangential
component to the interface of the slowness vector of the incident wave. Component pΣ is
the same for the incident and all generated waves. This equality is just another expression
of the Snell law. The projection σ of slowness vector p̃ to normal n is a root of the algebraic
equation of the sixth degree:

det[aijkl(σnk + pΣk )(σnl + pΣl )− δij] = 0 . (A− 21)

For reflected waves, we use the same elastic moduli aijkl as for incident waves. For
transmitted waves, we use aijkl corresponding to the halfspace on the other side of the
interface.

Equation (A-21) has six roots for each halfspace. The roots corresponding to the three
reflected and three transmitted waves are selected from them according to the direction
of the relevant ray-velocity vector Ũ (for real-valued roots) and according to the radiation
conditions (for complex-valued roots). For more details, see Gajewski and Pšenč́ık (1987),
Červený (2001, section 2.3.3).

A4) Concluding note

The ray method was first proposed for the computation of high-frequency seismic
wave fields in inhomogeneous anisotropic media by Babich (1961). Ray-tracing equations,
namely (A-2) with (A-4), were first derived by Červený (1972). For more details on ray
tracing in inhomogeneous anisotropic media, see Červený (2001, Chap.3.6). The com-
puter program for ray tracing in inhomogeneous anisotropic layered structures based on
the above-mentioned formulae is the computer package ANRAY (Gajewski and Pšenč́ık,
1987,1990). The package ANRAY is freely available on the web pages of the SW3D
Consortium Seismic Waves in Complex 3D Structures (http://sw3d.cz).

Appendix B
Dynamic ray tracing in inhomogeneous anisotropic media

Dynamic ray tracing consists in the solution of a system of linear ordinary differential
equations of the first order along the ray Ω. The dynamic ray tracing system in various
forms of Cartesian coordinates (general, local) was studied by several authors. For a
detailed derivations and for references see Červený (2001). We shall present here only
formulae for the DRT system based on global Cartesian coordinates x1, x2, x3 and for the
simplified DRT system in global Cartesian coordinates x1, x2, x3.

B1) DRT system in global Cartesian coordinates xi.

The DRT in global Cartesian coordinates consists of six equations for Q
(x)
i = ∂xi/∂γ

and P
(x)
i = ∂pi/∂γ, where γ is any of initial values xi0, pi0, or any ray parameter or a

variable along the ray. The DRT system reads

dQ
(x)
i /dτ = A

(x)
ij Q

(x)
j +B

(x)
ij P

(x)
j , dP

(x)
i /dτ = −C

(x)
ij Q

(x)
j −D

(x)
ij P

(x)
j , (B − 1)
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where
A

(x)
ij = ∂2H/∂pi∂xj , B

(x)
ij = ∂2H/∂pi∂pj ,

C
(x)
ij = ∂2H/∂xi∂xj , D

(x)
ij = ∂2H/∂xi∂pj , (B − 2)

and where the Hamiltonian H(xi, pj) is given by (7). The elements of 3× 3 matrices A
(x)
ij ,

B
(x)
ij , C

(x)
ij and D

(x)
ij satisfy three symmetry relations:

B
(x)
ij = B

(x)
ji , C

(x)
ij = C

(x)
ji , D

(x)
ij = A

(x)
ji . (B − 3)

The 3× 1 vectors Q(x) and P(x) in (B-1) satisfy the following constrain relation:

UkQ
(x)
k − ηkP

(x)
k = 0 (B − 4)

along the ray Ω. It is common to write the dynamic ray tracing system (B-1) in a matrix
form:

dQ̂(x)/dτ = Â(x)Q̂(x) + B̂(x)P̂(x) , dP̂(x)/dτ = −Ĉ(x)Q̂(x) − D̂(x)P̂(x) , (B − 5)

where elements of the 3× 3 matrices Q̂(x) and P̂(x) have the following form:

Q
(x)
ij = ∂xi/∂γj , P

(x)
ij = ∂pi/∂γj . (B − 6)

Here we consider γj (j=1,2,3) to be the ray coordinates, with γ1 and γ2 the ray parameters
and γ3 = τ the travel time along the ray.

a) Initial conditions for DRT at a point source. The initial conditions for Q̂(x)

are simple:
Q

(x)
iJ (S) = 0 , Q

(x)
i3 (S) = Ui(S) . (B − 7)

The initial conditions for P
(x)
ij are more involved. If we consider the ray parameters γ1

and γ2 to be the take-off angles γ1 = φ0 and γ2 = δ0, for which the unit vector N(S),
perpendicular to the wavefront at S is given by the relation (A-10), we get

P
(x)
iJ (S) = (ZiJ(S)− pi(S)Uk(S)ZkJ(S))/C(φ0, δ0) ,

P
(x)
i3 (S) = ηi(S) ,

(B − 8)

where

Z11(S) = − sinφ0 cos δ0 , Z21(S) = cosφ0 cos δ0 , Z31(S) = 0 ,
Z12(S) = − cosφ0 sin δ0 , Z22(S) = − sinφ0 sin δ0 , Z32(S) = cos δ0 .

(B − 9)

See Pšenč́ık and Teles (1996, eq. A-4), Červený and Moser (2009, eq. 42), for the
derivation and more details.

With initial conditions (B-8)-(B-9), the elements of matrices Q̂(x) and P̂(x) along ray
Ω have the meaning shown in equations (B-6) with γ1 = φ0, γ2 = δ0 and γ3 = τ . Let
us note that the quantities Qi3 and Pi3 can be obtained from ray tracing equations (A-
2). Thus, it is not necessary to seek them as the solution of (B-5), see Sec. B2. For
the computation of relative geometrical spreading L(Rγ, S), which will be needed in the
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following, slightly modified initial conditions are required. They should correspond to
the point-source initial conditions of the ray propagator matrix. They read (Pšenč́ık and
Teles, 1996, eq.(A5); Červený, 2001, eq.(4.2.51)):

Q
(x)
nK(S) = 0, P

(x)
iJ (S) = RiJ − pi(S)Uk(S)RkJ , (B − 10)

where

R11 = − sinφ0 , R21 = cosφ0 , R31 = 0 ,
R12 = − cosφ0 sin δ0 , R22 = − sinφ0 sin δ0 , R32 = cos δ0 .

(B − 11)

Due to the linearity of the DRT system (B-5), its solution with initial conditions (B-
7)-(B-8) can be obtained from solutions of dynamic ray tracing with initial conditions

(B-10) and (B-11) simply by multiplication of Q
(x)
i1 (Rγ) and P

(x)
i1 (Rγ) by the constant

factor C−1(φ0, δ0) cos δ0 and of Q
(x)
i2 (Rγ) and P

(x)
i2 (Rγ) by C−1(φ0, δ0). Thus as basic

initial conditions for dynamic ray tracing we consider equations (B-10) and (B-11).

Dynamic ray tracing (B-5) with the initial conditions (B-10) and (B-11) is used for
the determination of a quantity important for the evaluation of Gaussian beams and
paraxial ray approximations, the relative geometrical spreading L(Rγ, S). We can use
equation (56), but for specific initial conditions (B-10) equation (56) can be simplified.
The vectorial product in the denominator of (56) can be expressed as

ϵijkY1j(S)Y2k(S) = ϵijk[Rj1Rk2 −Rj1pk(UmRml)− pjRk2(UnRn1)] . (B − 12)

As Rj1 and Rk2 are mutually perpendicular unit vectors tangent to the wavefront, we
obtain

ϵijkRj1Rk2 = Ni , ϵijkRj1pk = −C−1Ri2 , ϵijkpjRk2 = −C−1Ri2 . (B − 13)

Inserting (B-13) into (B-12), we obtain

ϵijkY1j(S)Y2k(S) = Ni + C−1R22(UmRm2) + C−1Rj1(UnRn1)
= Ni + C−1(Ri2Rn2 +Ri1Rn1)Un

= Ni + C−1(δin +NiNn)Un = Ni + C−1(Uj +Nj(NnUn)) .
(B − 14)

As NnUn = C−1(pnUn) = C−1, we obtain finally

|Y1(S)×Y2(S)| = |ϵijkY1j(S)Y2k(S)| = U/C . (B − 15)

Inserting (B-15) into (56), we obtain finally

L(Rγ, S) = |X1(τ)×X2(τ)| = |Q(x)
1 (Rγ)×Q

(x)
2 (Rγ)|1/2 . (B − 16)

Here the 3×1 matrices Q
(x)
1 and Q

(x)
2 are the first and second columns of the 3×3 matrix

Q̂(x).

If we choose the ray parameters γ1 and γ2 by relations γ1 = p1(S), γ2 = p2(S), the

initial conditions for P
(x)
iJ are simpler,

P
(x)
iJ (S) = (δ1J , δ2J , −Ui(S)/U3(S)) . (B − 17)
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If γ3 = τ , then the elements P
(x)
i3 (S) remain the same as in (B-8), P

(x)
i3 (S) = ηi(S). These

simple expressions, however, fail for initial directions of the ray specified in the (x1, x2)
plane, as U3(S) = 0 in this case. It is then necessary to rotate the Cartesian coordinate
system suitably.

b) Initial conditions for DRT at the point S situated at a smooth initial
surface Σ. We introduce initial surface Σ and the relevant notations in the same way
as in Appendix A2/b. We further introduce the vectors h1,h2 and h3 at the point S as
follows:

h1 = (gΣ
2 × U)/ detX , h2 = (U × gΣ

1 )/ detX , h3 = (gΣ
1 × gΣ

2 )/ detX , (B − 18)

where
X−T = (h1,h2,h3) . (B − 19)

The vectors h1 and h2 are perpendicular to the ray at S, the vector h3 is perpendicular
to the wavefront at S. Then we obtain the initial conditions for Q

(x)
ij (S) in the following

form:
Q

(x)
iJ (S) = gΣJi(S)− T 0

J (S)Ui(S) , Q
(x)
i3 (S) = Ui(S) , (B − 20)

and the initial conditions for P
(x)
ij (S):

P
(x)
iJ (S) = hKi(S)[T

0
JK(S)− ((gΣ

JK(S))
Tp(S))] + h3i(S)((g

Σ
J (S))

Tη(S))− T 0
J (S)ηi(S) ,

P
(x)
i3 (S) = ηi(S) .

(B − 21)

where T 0
J is defined in (A-14). Again, Q

(x)
i3 (Rγ) and P

(x)
i3 (Rγ) can be obtained by solving

the ray tracing equations.

c) Transformation of DRT in Cartesian coordinates across an interface. We
consider a smooth structural interface Σ(xi) described in Appendix A3. We keep the

symbols Q
(x)
kJ and P

(x)
kJ for the incident paraxial matrices, and denote Q

(x)G
kJ and P

(x)G
kJ the

paraxial matrices of any generated wave (reflected, transmitted). The relation between
the generated paraxial matrices and incident paraxial matrices is given by the following
relations

Q
(x)G
iJ = WikQ

(x)
kJ , P

(x)G
iJ = RikQ

(x)
kJ + SikP

(x)
kJ . (B − 22)

Here the 3× 3 matrices Ŵ, R̂, Ŝ are given by relations,

Wij = δij + η−1(Q
(x)G
j3 −Q

(x)
i3 )nj ,

Sij = δij − (ηG)−1(Q
(x)G
j3 −Q

(x)
j3 )ni ,

Rij = η−1(P
(x)G
i3 − P

(x)
i3 )nj + (ηG)−1(P

(x)G
j3 − P

(x)
j3 )ni

+(ηηG)−1(Q
(x)G
k3 P

(x)
k3 −Qk3P

(x)G
k3 )ninj

+(Σ,mΣ,m)
−1/2(ζG − ζ)Σ,lk[δil − (ηG)−1Q

(x)G
l3 ni][δkj − η−1Q

(x)
k3 nj] .

(B − 23)

Here n is the unit normal to the interface at the point of incidence, and

ζG = pGmnm , ζ = pmnm ,

ηG = Q
(x)G
m3 nm , η = Q

(x)
m3nm .

(B − 24)
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For the derivation and more details see Farra and LeBégat (1995), Pšenč́ık and Farra
(2014).

It should be emphasized that the transformation relations (B-20) must be used even at
interfaces of the second order (where gradients of parameters of the medium or of density
vary discontinuously, but parameters and density themselves are continuous). Ignoring
this may lead to inaccuracies and cause instability of the solution of the DRT system.
Let us mention that interfaces of the second order are often introduced to the model
artificially, during the approximation of the model, for example, when bi- or trilinear in-
terpolation in a rectangular grid is used or if a piece-wise polynomial approximation using
triangles (2D) or tetrahedrons (3D) is used. From these reasons, it is recommended to
use splines or other approximations, which do not generate interfaces of the second order.
The mentioned approximations may, on the other hand, generate false oscillations of the
distribution of density-normalized elastic moduli. To avoid these effects, techniques devel-
oped for isotropic media and based on Sobolev scalar products and Lyapunov exponents
(see Klimeš, 2000 for theory and Bulant, 2002 and Žáček, 2002 for numerical examples;
see also Červený et al., 2007, Sec.6.2.1) should be extended to anisotropic media.

B2) Simplified DRT system in global Cartesian coordinates xi

As shown in the previous text, it is sufficient to solve the DRT system (B-5) for only
six elements of matrix Q(x) and six elements of matrix P(x):

Q
(x)
iN = ∂xi/∂γN , P

(x)
iN = ∂pi/∂γN , (B − 25)

where γ1 and γ2 are ray parameters. The elements Q
(x)
i3 and P

(x)
i3 , i = 1, 2, 3, are not

necessary to compute, they can be obtained from ray tracing. The simplified DRT system
in global Cartesian coordinates xi reads:

dQ
(x)
iN /dτ = A

(x)
ij Q

(x)
jN +B

(x)
ij P

(x)
jN , dP

(x)
iN /dτ = −C

(x)
ij Q

(x)
jN −D

(x)
ij P

(x)
jN . (B − 26)

Here the 3 × 3 matrices A
(x)
ij , B

(x)
ij , C

(x)
ij and D

(x)
ij are again given by (B-2). The system

(B-26) consists of twelve equations, not eighteen like (B-1).

Appendix C

Explicit expressions for matrix B̄

The elements B̄ij of matrix B̄ used for the determination of matrix B, see equation
(7), are given by the formula

B̄mn(x,N) = aijkl(x)NjNlēmiēnk. (C − 1)

Here aijkl are density-normalized elastic moduli (elements of the stiffness tensor). Symbols
Ni denote components of unit vector N parallel to the slowness vector. Explicit expres-
sions for elements of matrix B̄, given below, correspond to a special choice of vectors
ei:

ē1 ≡ D−1(N1N3, N2N3, N
2
3 − 1), ē2 ≡ D−1(−N2, N1, 0), ē3 = N ≡ (N1, N2, N3),

(C − 2)
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where
D = (N2

1 +N2
2 )

1/2, N2
1 +N2

2 +N2
3 = 1. (C − 3)

For the sake of brevity, we use components of vector N for the definition of vectors ei
and elements of matrix B̄. This introduces the term D in the denominators of formulae
(C-2) and also in expressions for elements of B̄. The artificial term D disappears if (C-2)
is rewritten as:

ē1 ≡ (cosφ cos θ, sinφ cos θ,− sin θ),

e2 ≡ (− sinφ, cosφ, 0),

e3 ≡ (cosφ sin θ, sinφ sin θ, cos θ). (C − 4)

Here φ denotes an azimuthal angle, θ a polar angle, (0 ≤ φ ≤ 2π, 0 ≤ θ ≤ π).

Explicit expressions for elements of matrix B̄ for a weakly anisotropic medium of
arbitrary symmetry in terms of 21 WA parameters were introduced by Farra and Pšenč́ık
(2003). Note interchanges of parameters δx and δy, and parameters γx and γy in the
mentioned paper and here. We can see that in case of P waves, it is sufficient to deal
with only 3 elements of matrix B̄, namely with B̄13, B̄23 and B̄33. In case of S waves, it
is necessary to deal with elements B̄11, B̄22, B̄12, B̄13 and B̄23. Elements B̄11(N), B̄22(N)
and B̄33(N) represent the first-order approximations of the squares of S1-, S2- and P-
wave phase velocities, C2

S1(x,N) = B̄11(x,N), C2
S2(x,N) = B̄22(x,N) and C2

P (x,N) =
B̄33(x,N), respectively. It is also good to note that GP (x,p) = B̄33(x,p) and GS(x,p) =
B̄11(x,p) + B̄22(x,p).

The elements of matrix B̄ are specified here in the form used by Farra and Pšenč́ık
(2003, (A4)), which is convenient fro retrieval of WA parameters from elements of matrix
B̄. Detailed analysis of the dependence of matrix B̄ on WA parameters can be found in
Farra and Pšenč́ık (2003). The elements of matrix B̄(x,N) have the following form:

B̄11 = β2 +2α2D−2
(
N3

3 [(ϵ15 − ϵ35)N
3
1 + (ϵ24 − ϵ34)N

3
2 + (χx − ϵ34)N

2
1N2 + (χy − ϵ35)N1N

2
2 ]

+N2
3 [(ϵx − δy + ϵz)N

4
1 + (ϵy − δx + ϵz)N

4
2 + (δz − δx − δy + 2ϵz)N

2
1N

2
2

+2(ϵ16 − χz)N
3
1N2 + 2(ϵ26 − χz)N1N

3
2 ]

+N3[(ϵ35 − ϵ15)N
5
1 + (ϵ34 − ϵ24)N

5
2 + (ϵ34 − χx)N

4
1N2 + (ϵ35 − χy)N1N

4
2

+(2ϵ35 − χy − ϵ15)N
3
1N

2
2 + (2ϵ34 − χx − ϵ24)N

2
1N

3
2 ]
)

+2β2D−2(γyN
2
1 + γxN

2
2 + ϵ45N1N2),

B̄12 = α2D−2
(
N2

3 [(χx − ϵ34)N
3
1 − (χy − ϵ35)N

3
2 + (ϵ35 + χy − 2ϵ15)N

2
1N2

+(2ϵ24 − χx − ϵ34)N1N
2
2 ] +N3[(ϵ16 − χz)N

4
1 − (ϵ26 − χz)N

4
2 + (δy − δx − 2ϵx + δz)N

3
1N2

+(δy − δx + 2ϵy − δz)N1N
3
2 + 3(ϵ26 − ϵ16)N

2
1N

2
2 ] + [(ϵ15 − χy)N

4
1N2

+(χx − ϵ24)N1N
4
2 + (ϵ15 − χy)N

2
1N

3
2 + (χx − ϵ24)N

3
1N

2
2

+ϵ46N
3
2 − ϵ56N

3
1 + ϵ46N

2
1N2 − ϵ56N1N

2
2 ]
)
+ β2D−2N3[2(γx − γy)N1N2 + ϵ45N

2
1 − ϵ45N

2
2 ],
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B̄22 = β2 + 2β2D−2N2
3 (γyN

2
2 + γxN

2
1 − ϵ45N1N2)

+2α2D−2
(
N3[ϵ46N

3
1 + ϵ56N

3
2 ) + (ϵ56 − χx + ϵ24)N

2
1N2 + (ϵ46 − χy + ϵ15)N1N

2
2 ]

+(ϵx + ϵy − δz)N
2
1N

2
2 + (ϵ26 − ϵ16)N

3
1N2 − (ϵ26 − ϵ16)N1N

3
2 ]
)
+ 2β2γz(N

2
1 +N2

2 ),

B̄13 = α2D−1{N4
3 (ϵ34N2 + ϵ35N1) +N3

3 [(δy − ϵx − ϵz)N
2
1 + (δx − ϵy − ϵz)N

2
2 + 2χzN1N2]

+N2
3 [(4χx − 3ϵ34)N

2
1N2 + (4χy − 3ϵ35)N1N

2
2 + (4ϵ15 − 3ϵ35)N

3
1 + (4ϵ24 − 3ϵ34)N

3
2 ]

+N3[(2δz − δx − δy − ϵx − ϵy + 2ϵz)N
2
1N

2
2 + 2(2ϵ16 − χz)N

3
1N2 + 2(2ϵ26 − χz)N1N

3
2

+(ϵx + ϵz − δy)N
4
1 + (ϵy + ϵz − δx)N

4
2 + (ϵx − ϵz)N

2
1 + (ϵy − ϵz)N

2
2 ]

−χxN
2
1N2 − χyN1N

2
2 − ϵ15N

3
1 − ϵ24N

3
2},

B̄23 = α2D−1{N3
3 (ϵ34N1 − ϵ35N2) +N2

3 [(δx − δy − ϵy + ϵx)N1N2 + χzN
2
1 − χzN

2
2 ]

+N3[(2χy − 3ϵ15)N
2
1N2 − (2χx − 3ϵ24)N1N

2
2 + χxN

3
1 − χyN

3
2 ]

+(δz−ϵx−ϵy)N
3
1N2−(δz−ϵx−ϵy)N1N

3
2+3(ϵ26−ϵ16)N

2
1N

2
2+ϵ16N

4
1−ϵ26N

4
2+(ϵy−ϵx)N1N2},

B̄33 = α2 + 2α2[2N3
3 (ϵ34N2 + ϵ35N1) +N2

3 ((δy − ϵx − ϵz)N
2
1 + (δx − ϵy − ϵz)N

2
2

+2χzN1N2 + ϵz) + 2N3(χxN
2
1N2 + χyN1N

2
2 + ϵ15N

3
1 + ϵ24N

3
2 ) + ϵxN

2
1 + ϵyN

2
2

+(δz − ϵx − ϵy)N
2
1N

2
2 + 2ϵ16N

3
1N2 + 2ϵ26N1N

3
2 ]. (C − 5)

The symbols α and β in (C-5) denotes the constant reference P- and S-wave velocities.
Although the WA parameters depend on velocities α and β, and these velocities also
appear in the expressions for the elements B̄mn of matrix B̄, the matrix B̄ is independent
of α and β.

Appendix D

a) First and second derivatives of the first-order P-wave eigenvalue GP (xm, pm)
for a weakly anisotropic medium of an arbitrary symmetry

The first derivatives of the first-order P-wave eigenvalue in eq.(73) appearing on the
RHS of ray tracing equations (A-2) depend on xm and pm. They have the following
explicit form:

∂G

∂p1
= 2α2

(
p1 + 2ϵxp1 + 2c4[Ap23p1 +B(p23 − p21) + C(3p23 + p21)p

2
1 −Dp1p2p3]

)
,
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∂G

∂p2
= 2α2

(
p2 + 2ϵyp2 + 2c4[Ep13p2 + F (p13 − p22) +G(3p13 + p22)p

2
2 −Hp1p2p3]

)
,

∂G

∂p3
= 2α2

(
p3 + 2ϵzp3 + 2c4[Pp12p3 +Q(p12 − p23) +R(3p12 + p23)p

2
3 − Sp1p2p3]

)
,

∂G

∂xi

= 2α2
(
T,i + c2[2R,ip

3
3 + P,ip

2
3 + 2Q,ip3 + S,ip1p2]

)
. (D − 1)

The second derivatives of the first-order P-wave eigenvalue in eq.(73) appearing on the
RHS of dynamic ray tracing equations (B-11) depend on xm and pm too. They have the
following explicit form:

∂2G

∂p21
= 2α2

(
1 + 2ϵx + 2c6[(Ap23 −Dp2p3)(p23 − 3p21) + 2p1(Cp23 −B)(3p23 − p21)]

)
,

∂2G

∂p1∂p2
= 4α2

(
c4[2(χxp3 + ηzp2)p1p23 + (χzp

2
3 + 2χyp2p3 + 3ϵ26p

2
2)(p23 − p21)

+ϵ16(p
2
1 + 3p23)p

2
1 − (ηxp3 + 4ϵ24p2)p1p2p3]− c6[2A(p23 − p21)p1p2 + 2B(p23 − 3p21)p2

+2C(3p23 − p21)p
2
1p2 +D(p13 − 3p22)p1p3]

)
,

∂2G

∂p1∂p3
= 4α2

(
c4[2(χxp2 + ηyp3)p1p23 + (χyp

2
2 + 2χzp2p3 + 3ϵ35p

2
3)(p23 − p21)

+ϵ15(p
2
1 + 3p23)p

2
1 − (ηxp2 + 4ϵ34p3)p1p2p3]− c6[2A(p23 − p21)p1p3 + 2B(p23 − 3p21)p3

+2C(3p23 − p21)p
2
1p3 +D(p12 − 3p23)p1p2]

)
,

∂2G

∂p22
= 2α2

(
1 + 2ϵy + 2c6[(Ep13 −Hp1p3)(p13 − 3p22) + 2p2(Gp13 − F )(3p13 − p22)]

)
,

∂2G

∂p2∂p3
= 4α2

(
c4[2(χyp1 + ηxp3)p2p13 + (χxp

2
1 + 2χzp1p3 + 3ϵ34p

2
3)(p13 − p22)

+ϵ24(p
2
2 + 3p13)p

2
2 − (ηyp1 + 4ϵ35p3)p1p2p3]− c6[2E(p13 − p22)p2p3 + 2F (p13 − 3p22)p3

+2G(3p13 − p22)p
2
2p3 +H(p12 − 3p23)p1p2]

)
,

∂2G

∂p23
= 2α2

(
1 + 2ϵz + 2c6[(Pp12 − Sp1p2)(p12 − 3p23) + 2p3(Rp12 −Q)(3p12 − p23)]

)
,

∂2G

∂xi∂p1
= 4α2

(
ϵx,ip1 + c4[(A,ip23p1 +B,i(p23 − p21) + C,i(3p23 + p21)p

2
1 −D,ip1p2p3]

)
,

∂2G

∂xi∂p2
= 4α2

(
ϵy,ip2 + c4[(E,ip13p2 + F,i(p13 − p22) +G,i(3p13 + p22)p

2
2 −H,ip1p2p3]

)
,

∂2G

∂xi∂p3
= 4α2

(
ϵz,ip3 + c4[(P,ip12p3 +Q,i(p12 − p23) +R,i(3p12 + p23)p

2
3 − S,ip1p2p3]

)
,

∂2G

∂xi∂xj

= 2α2
(
T,ij + c2[2R,ijp

3
3 + P,ijp

2
3 + 2Q,ijp3 + S,ijp1p2]

)
. (D − 2)
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In eqs (D-1) and (D-2),
c2 = (pkpk)

−1, (D − 3)

and the following notation is used:

p13 = p21 + p23, p23 = p22 + p23, p12 = p21 + p22,

A = ηyp
2
3 + 2χxp2p3 + ηzp

2
2, B = ϵ35p

3
3 + χzp2p

2
3 + χyp

2
2p3 + ϵ26p

3
2,

C = ϵ15p3 + ϵ16p2, D = 2ϵ34p
2
3 + ηxp2p3 + 2ϵ24p

2
2,

E = ηxp
2
3 + 2χyp1p3 + ηzp

2
1, F = ϵ34p

3
3 + χzp1p

2
3 + χxp

2
1p3 + ϵ16p

3
1,

G = ϵ24p3 + ϵ26p1, H = 2ϵ35p
2
3 + ηyp1p3 + 2ϵ15p

2
1,

P = ηyp
2
1 + 2χzp1p2 + ηxp

2
2, Q = ϵ15p

3
1 + χxp

2
1p2 + χyp1p

2
2 + ϵ24p

3
2,

R = ϵ34p2 + ϵ35p1, S = 2ϵ16p
2
1 + ηzp1p2 + 2ϵ26p

2
2,

T = ϵxp
2
1 + ϵyp

2
2 + ϵzp

2
3,

ηx = δx − ϵy − ϵz, ηy = δy − ϵx − ϵz, ηz = δz − ϵx − ϵy. (D − 4)

b) First derivatives of the first-order common S-wave eigenvalue GS(xm, pm) for
a weakly anisotropic medium of an arbitrary symmetry

The first derivatives of the first-order common S-wave eigenvalue in eq.(74) appearing
on the RHS of ray tracing equations (A-2) depend on xm and pm. They have the following
explicit form:

∂GS

∂p1
= β2[2p1(1 + γy + γz) + ϵ45p2 + ϵ46p3]

+α2c4
(
2p1p23(ϵxp23 − δyp

2
3 − δzp

2
2) + 2p1(ϵyp

4
2 + ϵzp

4
3 + δxp

2
2p

2
3)

−2(2χxp1 + χyp2 + χzp3)p2p3(p23 − p21) + (ϵ16p2 + ϵ15p3)[(p23 − p21)
2 − 2p21c

−2]

+[ϵ26p2(p13 − p22) + ϵ35p3(p12 − p23)]c
−2 + 4p1[(ϵ26p1 + ϵ24p3)p

3
2 + (ϵ34p2 + ϵ35p1)p

3
3]
)
,

∂GS

∂p2
= β2[2p2(1 + γx + γz) + ϵ45p1 + ϵ56p3]

+α2c4
(
2p2p13(ϵyp13 − δxp

2
3 − δzp

2
1) + 2p2(ϵxp

4
1 + ϵzp

4
3 + δyp

2
1p

2
3)

−2(χxp1 + 2χyp2 + χzp3)p1p3(p13 − p22) + (ϵ26p2 + ϵ24p3)[(p13 − p22)
2 − 2p22c

−2]

+[ϵ16p1(p23 − p21) + ϵ34p3(p12 − p23)]c
−2 + 4p2[(ϵ16p2 + ϵ15p3)p

3
1 + (ϵ34p2 + ϵ35p1)p

3
3]
)
,

∂GS

∂p3
= β2[2p3(1 + γx + γy) + ϵ46p1 + ϵ56p2]

+α2c4
(
2p3p12(ϵzp12 − δxp

2
2 − δyp

2
1) + 2p3(ϵxp

4
1 + ϵyp

4
2 + δzp

2
1p

2
2)

−2(χxp1 + χyp2 + 2χzp3)p1p2(p12 − p23) + (ϵ34p2 + ϵ35p1)[(p12 − p23)
2 − 2p23c

−2]
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+[ϵ15p1(p23 − p21) + ϵ24p2(p13 − p22)]c
−2 + 4p3[(ϵ16p2 + ϵ15p3)p

3
1 + (ϵ26p1 + ϵ24p3)p

3
2]
)
,

∂GS

∂xi

= β2
(
ϵ45,ip1p2 + ϵ46,ip1p3 + ϵ56,ip2p3 + γy,ip13 + γx,ip23 + γz,ip12

)
−α2(pipi)

−1
(
δx,ip

2
2p

2
3 + δy,ip

2
1p

2
3 + δz,ip

2
1p

2
2 − ϵx,ip

2
1p23 − ϵy,ip

2
2p13 − ϵz,ip

2
3p12

+2(χx,ip1 + χy,ip2 + χz,ip3)p1p2p3 − (ϵ16,ip2 + ϵ15,ip3)p1(p23 − p21)

−(ϵ26,ip1 + ϵ24,ip3)p2(p13 − p22)− (ϵ34,ip2 + ϵ35,ip1)p3(p12 − p23)
)
. (D − 5)
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