Notes on summation of Gaussian beams and packets

Luděk Klimeš Department of Geophysics, Faculty of Mathematics and Physics, Charles University, Ke Karlovu 3, 121 16 Praha 2, Czech Republic, E-mail: klimes@seis.karlov.mff.cuni.cz

Summary

A Gaussian beam is a high–frequency asymptotic time–harmonic solution of the wave equation, with an approximately Gaussian profile perpendicularly to the central ray. A Gaussian packet is a high–frequency asymptotic space–time solution of the wave equation. The envelope of a Gaussian packet at any given time is nearly Gaussian function. The accuracy of a Gaussian beam or of a Gaussian packet depends on its shape. The shape of a Gaussian beam or packet should thus be optimized for the propagation between a given source and a given receiver.

Gaussian beams and packets may serve as building blocks of a wavefield. The summation of Gaussian beams and packets overcomes the problems of the standard ray theory with caustics. The summation of Gaussian beams and packets is considerably comprehensive and flexible. It may be formulated in many ways and depends primarily on the specification of the wavefield. The summation of Gaussian beams and packets includes two–parametric summation of Gaussian beams forming a time–harmonic wavefield specified asymptotically in terms of the amplitude and travel time, three– parametric summation of Gaussian packets forming a time–harmonic wavefield also specified asymptotically in terms of the amplitude and travel time, the Maslov method and its various generalizations, coherent–state transform methods, four–parametric decomposition of a general time–harmonic wavefield into Gaussian beams, six–parametric decomposition of a general time–dependent wavefield into Gaussian packets (used, e.g., for Gaussian–packet prestack depth migrations), and the system of Gaussian packets scattered from Gabor functions forming medium perturbations.

The integral superpositions of Gaussian beams and packets are discretized into summations. The discretization step should carefully be controlled in order to preserve both accuracy and efficiency of the summation.

Keywords

Gaussian beams, Gaussian packets, coherent states, wavefield representation, summation methods, superposition integrals, Maslov method, linear canonical transform, Gabor transform, prestack depth migration.

In: Seismic Waves in Complex 3-D Structures, Report 14 (Department of Geophysics, Charles University, Prague, 2004), pp. 55–70

1. Introduction Gaussian beams and packets may serve as building blocks of a wavefield. The summation of Gaussian beams (Červený, Popov & Pšenčík, 1982; Popov, 1982; Červený, 1985) and packets overcomes the problems of the standard ray theory with caustics. The summation of Gaussian beams and packets is considerably comprehensive and flexible. It may be formulated in many ways, including the Maslov method and its various generalizations as special cases. The form of the summation depends primarily on the specification of the wavefield, comprising also the system of Gaussian packets scattered from Gabor functions forming medium perturbations.

Under the wave equation we understand here a non–dissipative hyperbolic second– order partial differential equation (e.g., elastodynamic equation, system of Maxwell equations). The basic principles of the summation of Gaussian beams and packets are independent of a particular selection of the wave equation.

We concentrate here on the representation of non–directional wavefields without pronounced diffractions rather than on the decomposition of directional beams or of diffracted waves. We thus omit the higher–order Gaussian beams (Bessel–Gaussian beams, Hermite–Gaussian beams, Laguerre–Gaussian beams) and the diffracted Gaussian beams.

A Gaussian beam or packet is expressed in terms of a complex–valued vectorial amplitude and complex–valued travel time (phase function, eikonal). We shall prefer term “phase function” specifically for Gaussian packets, otherwise we shall use term “travel time”. The travel time depends on the wave equation through the eikonal equation, while the amplitude depends on the wave equation through the transport equation.

2. Gaussian beams A Gaussian beam is a high–frequency asymptotic time–harmonic solution of the wave equation, with an approximately Gaussian profile perpendicularly to the central ray. It represents a bundle of complex–valued rays concentrated in a vicinity of a real– valued central ray. A paraxial Gaussian beam is a Gaussian beam approximated by the paraxial ray approximation in the vicinity of the central ray or in the vicinity of a selected reference point. The paraxial ray approximation consists in the second–order Taylor expansion of travel time and in the constant amplitude.

Evolution of the shape of a Gaussian beam along the central ray is determined by the respective ordinary differential equations. The travel time and its first derivatives along the real–valued central ray are determined, together with the central ray, by ray tracing and are real–valued in non–dissipative media. The complex–valued second derivatives of travel time, which control the shape of the Gaussian beam, are determined by “dynamic ray tracing” (Červený, 2001). Dynamic ray tracing also determines the complex–valued amplitude of the Gaussian beam.

Infinitely broad paraxial Gaussian beams correspond to the paraxial approximation of time–harmonic ray–theory wavefields. If used in a superposition, they must differ from the paraxial approximation of the decomposed ray–theory wavefield. Ribbon Gaussian beams are paraxial Gaussian beams infinitely broad only in a “singular” direction perpendicular to the central ray. If used in a superposition, they correspond to the paraxial approximation of the decomposed ray–theory wavefield in the singular direction. If the ribbon Gaussian beams used in a superposition are infinitely broad in all directions, they coincide with the paraxial approximation of the decomposed ray– theory wavefield only in the singular direction, but must differ from it in other directions perpendicular to the central ray. Note that infinitely broad Gaussian beams correspond to the standard Maslov method. However, these infinitely broad Gaussian beams are not recommended.

3. Gaussian packets Gaussian packets, also called (space–time) Gaussian beams (Ralston, 1983), quasiphotons (Babich & Ulin, 1981) or coherent states (Combescure, Ralston & Robert, 1999), are high–frequency asymptotic space–time solutions of the wave equation. Their envelopes at any given time are nearly Gaussian functions. A Gaussian packet is concentrated to a real–valued space–time ray, like a Gaussian beam to a spatial ray. In a stationary medium, a Gaussian packet propagates along its real–valued spatial central ray. A Gaussian packet has an approximately Gaussian profile in all spatial directions and in time. A paraxial Gaussian packet is a Gaussian packet approximated by the paraxial ray approximation in the vicinity of its central point. The time–dependent central point is the spatial position of the maximum of the envelope of the Gaussian packet.

A paraxial Gaussian packet centred at point y_κ may be expressed in the form

U(x_κ) = A exp{iω[N_αr_α +^1_2 N_{αβ}r_αr_β ]} , (1)

where the lower–case Greek subscripts_{α,β,...} =_{1,2,3,4} correspond to four space–time coordinates: spatial coordinates x_i with_i =_{1,2,3}, and time x_4. Here

r_α = x_α − y_α (2)

is the distance from the space–time coordinates y_α of the central point,

N_i = p^R_i (3)

is the spatial ray–theory slowness vector at the central point, and

N_4 = −1 . (4)

The complex–valued second partial derivatives N_{αβ} of the phase function with respect to Cartesian coordinates x_i at the central point y_α determine the shape of the Gaussian packet. The imaginary part of the 3×3 spatial submatrix N_{kl} of the 4×4 matrix N_{αβ} should be positive–definite. The imaginary part of the whole 4×4 matrix N_{αβ} is singular.

The central point of a Gaussian packet moves along the spatial central ray according to the ray tracing equations. The first derivatives N_α of the phase function at the central point of the Gaussian packet are determined by ray tracing and are real–valued in non– dissipative media. Evolution of the complex–valued second derivatives N_{αβ} of the phase function along the spatial central ray is determined by quantities calculated by dynamic ray tracing (Klimeš, 2004). Dynamic ray tracing also determines the complex–valued amplitude of the Gaussian packet.

Infinitely long paraxial Gaussian packets correspond to the paraxial approximations of Gaussian beams. Infinitely broad paraxial Gaussian packets correspond to the paraxial approximation of space–time ray–theory wavefields.

4. Optimization of the shape of Gaussian beams or packets Gaussian beams and packets are high–frequency approximate solutions of the wave equation. The accuracy of these approximate solutions depends on their shape, especially on their width. The “optimum” shape depends on the distance from the source (Klimeš, 1989a).

The optimum shape of Gaussian beams depends on the error of the Gaussian–beam solution of the wave equation, which is, unfortunately, unknown for general media. However, in considerably heterogeneous media, the optimum Gaussian beams are very close to the narrowest Gaussian beams.

The root–mean–square width of each individual Gaussian beam between the source and receiver can be minimized using the algorithm by Klimeš (1989a).

The same algorithm can be used to minimize the width of a Gaussian packet, measured perpendicularly to the central ray. The optimum Gaussian packet is symmetric with respect to its central ray. The error of the Gaussian–packet solution of the wave equation is smaller for longer Gaussian packets, but the length of gaussian packets is limited by the accuracy of their paraxial approximation. This problem with long Gaussian packets may be overcome by decomposing each long Gaussian packet into summation of shorter ones, similarly as composing a Gaussian beam of Gaussian packets in the asymptotic summation of Gaussian packets. Each long Gaussian packet is then numerically calculated by combining the paraxial approximations of a Gaussian packet from different reference points (Žáček, 2004).

To preserve the accuracy of the approximate decomposition of a wavefield into Gaussian beams or packets, optimization of the shape of individual beams or packets should be supplemented with smoothing the dependence of the shape on summation parameters (Žáček, 2001a, 2001b).

A possibility to clearly optimize the shape of Gaussian beams or packets in the superposition integral is probably the main difference of the summation of Gaussian beams and packets from the integral representations formally derived using the Maslov method, coherent–state method, or their various generalizations, notwithstanding formally equal integral representations.

5. Asymptotic summation of Gaussian beams and packets 5.1. Asymptotic decomposition into Gaussian beams A general time–harmonic wavefield given along a surface, decomposed into individual polarizations and expressed in terms of the amplitude and travel time, can be asymptotically expressed as the two–parametric integral superposition of Gaussian beams (Klimeš, 1984a).

The two–parametric integral superposition of Gaussian beams, corresponding to ray–theory wavefield u^R = A^R exp(iωτ^R) , (5) may be expressed as (Klimeš, 1984a, eq. 77)

u(x_i, ω) = ω 2π ∫∫ dγ_1dγ_2 A^R | det(Q^R)|^2 √ det[i (M^R − M)]

× exp{iω[τ^R + p^R_k (x_k − y_k) +^1_2 (x_k − y_k)N_{kl}(x_l − y_l)]} , (6)

where the function^n √ det(B) of symmetric complex–valued matrix B is defined as the product of the n^{th} roots of the eigenvalues of matrix B, and the roots with the greatest

Figure 1. Asymptotic summation of Gaussian beams. Receivers are situated in the vicinity of the reference surface. The points of intersection of rays with the reference surface are selected as the reference points for the paraxial approximation of Gaussian beams.

real parts are selected. All the quantities on the right–hand side (except x_i) are taken at the reference point y_i = y_i(γ_1, γ_2) selected for the paraxial approximation of a Gaussian beam concentrated to the ray with ray parameters γ_1, γ_2. The reference points are usually determined as the points of intersection of rays with a given reference surface. Receivers should be situated in the vicinity of the reference surface.

Here τ^R, p^R_k and N^R_{kl} are the ray–theory travel time, ray–theory slowness vector and the matrix of second derivatives of the ray–theory travel time in Cartesian coordinates x_i, taken at point y_i. Similarly A^R is the complex–valued vectorial ray–theory amplitude at point y_i. Matrix M^R is the 2 × 2 matrix of second derivatives of the ray–theory travel time with respect to ray–centred coordinates q_1, q_2 perpendicular to the central ray. Matrix M is the 2×2 matrix of second derivatives of the complex–valued travel time of the Gaussian beam with respect to ray–centred coordinates q_1, q_2. Matrix M controls the shape of Gaussian beams and should be selected with the positive–definite imaginary part. Matrix N_{kl} is the 3×3 matrix of second derivatives of the complex– valued travel time of the Gaussian beam with respect to Cartesian coordinates x_i, and is completely determined by 2 × 2 matrix M (Klimeš, 1984a, eqs. 77 and 78). The transformation Jacobian from ray parameters γ_1, γ_1 to ray–centred coordinates q_1, q_2 is | det(Q^R)|, where Q^R is the 2 × 2 matrix of geometrical spreading in ray–centred coordinates (Červený, 2001).

The asymptotic integral superposition (6) is independent on the selection of the surface for decomposition of the ray–theory wavefield into Gaussian beams (Klimeš, 1984a). That is why the ray–theory wavefield may asymptotically be decomposed into Gaussian beams locally, even in its singular regions. The accuracy of the integral superposition of Gaussian beams thus depends on the optimization of the shape of beams only, not on the surface for decomposition. The variation of the optimum shape of beams with the distance from the source is quite different from the evolution of individual Gaussian beams along the same central ray. In another words, we decompose the wavefield into different Gaussian beams for different propagation distances.

Figure 2. Asymptotic summation of Gaussian packets. The central points for the paraxial approximation of Gaussian packets are regularly distributed along rays. The density of rays and of central points depends on the shape of Gaussian packets. Receivers may be situated arbitrarily, no reference surfaces are required.

Figure 3. Summation of Gaussian packets at a structural interface. Paraxial approximation cannot be applied across the interface. The points of intersection of rays with the interface serve as the reference points for the paraxial approximation of Gaussian packets centred behind the interface. Receivers may be situated arbitrarily.

5.2. Asymptotic decomposition into Gaussian packets

A time–harmonic Gaussian beam may be expressed as a one–parametric integral superposition of space–time Gaussian packets. A general time–harmonic wavefield, specified in terms of the amplitude and travel time, can be asymptotically expressed as the three–parametric integral superposition of space–time Gaussian packets (Klimeš, 1984b, 1989b).

The three–parametric integral superposition of Gaussian packets corresponding to the ray–theory wavefield (5) may be expressed as (Klimeš, 1984b, eq. 51; 1989b, eq. 31)

u(x_i, ω) = ( ω 2π )_{3/2}∫∫∫ dγ_1dγ_2dγ_3 A^R v | det(Q^R)|^2 √ det[i (N^R − N)]

× exp{iω[τ^R + p^R_k (x_k − y_k) +^1_2 (x_k − y_k)N_{kl}(x_l − y_l)]} , (7)

where all the quantities on the right–hand side (except x_k) are taken at the central point y_i = y_i(γ_1, γ_2, γ_3) of a Gaussian packet. Points y_i = y_i(γ_1, γ_2, γ_3) are the points of spatial rays corresponding to ray–theory wavefield u^R. The quadrature is performed over ray parameters γ_1, γ_2 and over travel time γ_3 along the rays.

Here τ^R, p^R_k and N^R_{kl} are the ray–theory travel time, ray–theory slowness vector and the matrix of second derivatives of the ray–theory travel time in Cartesian coordinates x_i, taken at point y_i. Similarly A^R is the matrix of the complex–valued vectorial ray–theory amplitude at point y_i. The transformation Jacobian from ray parameters γ_l to Cartesian coordinates x_i is v | det(Q^R)|, where v is the wave–propagation velocity and Q^R is the 2×2 matrix of geometrical spreading in ray–centred coordinates (Červený, 2001).

Matrix N_{kl} is the 3×3 matrix of second derivatives of the complex–valued phase function of the Gaussian packet with respect to Cartesian coordinates x_i. Matrix N_{kl} controls the shape of Gaussian packets and should be selected with the positive–definite imaginary part.

The properties of the integral superposition of space–time Gaussian packets follow from the properties of the integral superposition of Gaussian beams.

5.3. Discretization error In numerical algorithms, the integral superposition of Gaussian beams is discretized into the summation. The error due to the discretization depends on frequency and on the shape of Gaussian beams and can be controlled by the selection of a discretization step. A conservative upper error bound for the discretization error of an arbitrary wavefield was derived by Daubechies (1991). A considerably more “optimistic” estimation of the discretization error applicable to smooth variation of the weights of Gaussian beams in the decomposition was derived by Klimeš (1986), for 2-D also by Hill (1990). This smooth variation includes wavefields generated by various point sources, or wavefields with smooth variation of the amplitude and travel time along an initial surface.

The error due to the discretization of the integral superposition of Gaussian packets can be controlled analogously (Klimeš, 1989b).

5.4. Linear canonical transforms and coherent state transforms Spatial coordinate x_i in phase space corresponds to operator x̂_i of the multiplication by x_i. Momentum coordinate p^x_i in phase space corresponds to the differential operator

p̂_i = 1 iω ∂ ∂x_i . (8)

Let us consider a linear coordinate transform in phase space, ( x p^x ) = M ( x^′ p^{x′} ) , (9)

where the complex–valued 6×6 matrix M may be composed of four 3×3 matrices, M = (~ Q Q P̃ P ) . (10)

We shall see later on that matrix M should be symplectic. The linear coordinate transform corresponds to the linear transform ( x̂ p̂^x ) = M ( x̂^′ p̂^{x′} ) (11)

of the operators. We now wish to find the linear transform

f_M(x) = ∫ d^3x^′ C_M(x, x^′) f(x^′ ) (12)

of functions, with integration kernel of the form

C_M(x, x^′) = c_M exp [ iω 2 ( x x^′

)_T ( N^{xx}_M N^{xx′}_M N^{x′x}_M N^{x′x′}_M ) ( x x^′ )] , (13) which corresponds to transform (11) of operators. We thus apply transform (11) with (8) and (10) to equation (12). Assuming that the integrand vanishes at the boundary of the integration volume, we obtain equations

x C_M(x, x^′) = [ Q̃ x^′ − Q ∂ iω∂x^′ ] C_M(x, x^′) (14) and ∂ iω∂x C_M(x, x^′) = [ P̃ x^′ − P ∂ iω∂x^′ ] C_M(x, x^′) (15)

for the integration kernel. Differentiating the kernel in equations (14) and (15), we arrive at equations x = Q̃ x^′ − Q [N^{x′x}_M x + N^{x′x′}_M x^′] , (16) N^{xx}_Mx + N^{xx′}_M x^′ = P̃ x^′ − P [N^{x′ x}_M x + N^{x′x′}_M x^′] . (17) Equations (16) and (17) can be separated into the terms with x and x^′ to obtain matrix equations 1 = −QN^{x′x}_M , (18) 0 = Q̃ − QN^{x′x′}_M , (19) N^{xx}_M = −PN^{x′x}_M , (20) N^{xx′}_M = P̃ − PN^{x′x′}_M . (21) Equations (18), (19) and (20) yield

N^{x′x}_M = (N^{xx′}_M )^T = −Q^{−1} , (22)

N^{x′x′}_M = Q^{−1}Q̃ , (23) N^{xx}_M = PQ^{−1} . (24) Equation (21) then restricts matrix M to a symplectic matrix. The relation of symplectic matrix (10) and integration kernel (13) resembles the relation of the paraxial ray propagator matrix and the paraxial two–point eikonal (Arnaud, 1972, eq. 11.1; Červený, Klimeš & Pšenčík, 1984, eq. 22).

The inverse transforms to (9) and (11) are ( x^′ p^{x′} ) = M^{−1} ( x p^x ) (25)

and ( x̂^′ p̂^{x′} ) = M^{−1} ( x̂ p̂^x ) , (26)

where the inverse matrix to symplectic matrix M is

M^{−1} = ( P^T −Q^T −P̃^T Q̃^T ) . (27)

The inverse transform to (12) is

f_M−1 (x^′) = ∫ d^3x C_M−1 (x^′, x) f(x) . (28)

Integration kernel C_M−1 (x^′, x) is obtained from symplectic matrix M^{−1} by equations analogous to (13) and (22) to (24).

The product of integration kernels of (28) and (12) is

C_M−1 (x^{′′}, x) C_M(x, x^′)

= c_M−1 c_M exp { iω [_1 2 x^{′T}Q^{−1}Q̃x^′ −^1_2 x^{′′T}Q^{−1}Q̃x^{′′} + (x^{′′} − x^′)^TQ^{−1}x ]} . (29)

Integration of (29) over x yields ∫ d^3x C_M−1 (x^{′′}, x) = c_M−1 c_M^1 √ det ( 2π ω Q ) δ(x^{′′} − x^′) , (30)

where the matrix function^n √ det(A) is defined as the product of the (2n)^{th} roots of the eigenvalues of matrix A^TA, and the roots with the greatest real parts are selected. The right–hand side of (30) should be equal to the Dirac distribution δ(x^{′′} − x^′). Since 2√ det(Q) =^2 √ det(−Q^T), we naturally choose

c_M =

[_2√ det ( 2π ω Q )]_{−1} . (31)

For more details refer to Wolf (1974, 1979) or Ozaktas, Zalevsky & Kutay (2001).

Interesting special cases of 3-D linear canonical transform (12) are 3-D Fourier transform M = ( 0 −1 1 0 ) , (32)

and 3-D separable fractional Fourier transform (Condon, 1937; Ozaktas, Zalevsky & Kutay, 2001)

M = cos(α_1) 0 0 − sin(α_1) 0 0 0 cos(α_2) 0 0 − sin(α_2) 0 0 0 cos(α_3) 0 0 − sin(α_3) sin(α_1) 0 0 cos(α_1) 0 0 0 sin(α_2) 0 0 cos(α_2) 0 0 0 sin(α_3) 0 0 cos(α_3)

. (33)

For real–valued, imaginary–valued or complex–valued α_i, (33) defines real–ordered, imaginary–ordered or complex–ordered fractional Fourier transforms, respectively.

Paraxial approximation of a Gaussian packet (coherent state) in the vicinity of its central point y is performed in local Cartesian coordinates

r = x − y . (34)

It is thus reasonable also to consider linear canonical transforms (12) and (28) with respect to local Cartesian coordinates r. We define

φ(r, y) = f(r + y) . (35)

The local inverse linear canonical transform

ψ(r^′, y) = φ_M−1 (r^′, y) (36)

of function φ(r, y) with respect to the first argument is called the coherent state transform of function f(x) (Klauder, 1987, eq. 3; Foster & Huang, 1991, eq. 39; Thomson, 2001, eq. 2.4). Function φ(r, y) may be obtained from the coherent state transform ψ(r^′, y) by local linear canonical transform

φ(r, y) = ψ_M(r, y) . (37)

Function f(x) may be restored from φ(r, y) in many ways, yielding various linear transforms of operators x̂ and p̂^x to operators r̂^′, p̂^{r′} , ŷ^′ and p̂^{y′} . Functional transform

f(x) = φ(0, x) (38)

(Klauder, 1987, eq. 4; Foster & Huang, 1991, eq. 40; Thomson, 2001, eq. 2.6) yields operator transform ( x̂ p̂^x ) = ( ŷ p̂^y ) , (39)

whereas functional transform

f(x) = φ(y, x − y) (40)

yields operator transform ( x̂ p̂^x ) = ( ŷ + r̂ p̂^y ) = ( ŷ + Q̃r̂^′ + Qp̂^{r′} p̂^y ) (41)

actually used by Foster & Huang (1991, eq. 46) and Thomson (2001, eqs. 4.1 and 4.2). Functional transform f(x) = φ(x − y, y) , (42) naturally corresponding to equations (34) and (35), yields operator transform ( x̂ p̂^x ) = ( ŷ + r̂ p̂^r ) = ( ŷ 0 ) + M ( r̂^′ p̂^{r′} ) . (43)

Functional transform f(x) = φ(x, 0) (44) reduces the coherent state transform to the linear canonical transform.

5.5. Maslov methods The standard ray theory is derived and expressed in the “coordinate representation”, i.e., with respect to the spatial coordinates. In order to obtain various special cases of the summation of Gaussian beams and packets, the high–frequency approximation may be developed with respect to 3 appreciably general “representation coordinates” x^′ chosen in 6-D phase space, see (25), and then transformed to the coordinate representation.

The original Maslov method (Maslov, 1965; Chapman & Drummond, 1982) consists in weighted combination of the standard ray–theory approximation with the Maslov methods of the first, second and third order. The Maslov method of the first order corresponds to one spatial coordinate replaced by the respective momentum coordinate. The Maslov method of the second or third order corresponds to two or three spatial coordinates replaced by the respective momentum coordinates, see (32). We obtain the generalized eikonal and transport equations by the high–frequency approximation in this representation, and solve them. The travel time in this representation is the Legendre transform of the ray–theory travel time with respect to 1, 2 or 3 coordinates. The high–frequency asymptotic approximation of the wavefield is then transformed to the coordinate representation by the 1-D, 2-D or 3-D Fourier transform, respectively. This Fourier transform forms the superposition integral. The Maslov method of the first order represents the one–parametric superposition of infinitely broad “ribbon” Gaussian beams with second–order derivatives of travel time vanishing along the summation lines.

The Maslov method of the second order represents the two–parametric superposition of infinitely broad Gaussian beams with second–order derivatives of travel time vanishing along the summation surfaces. The Maslov method of the third order represents the superposition of infinitely broad Gaussian packets with vanishing second–order spatial derivatives of the phase function.

Alonso & Forbes (1998) selected each representation coordinate x^′_i as a real–valued linear combination of a spatial coordinate x_i and the corresponding momentum coordinate p^x_i , see (33). They then solved the generalized eikonal and transport equations obtained by the high–frequency approximation in this representation. The travel time in this representation is the separable real–ordered fractional Legendre transform of the ray–theory travel time (Alonso & Forbes 1995). The high–frequency asymptotic approximation of the wavefield is then transformed to the coordinate representation by the 1-D, 2-D or 3-D separable real–ordered fractional Fourier transform (Condon, 1937; Ozaktas, Zalevsky & Kutay, 2001). This real–ordered fractional Fourier transform forms the superposition integral. The resulting approximation represents the superposition of infinitely broad Gaussian beams (1-D, 2-D) or packets (3-D). Equivalent results have been achieved by application of the Maslov method in local curvilinear coordinates or with respect to the “reference travel time” (Kendall & Thomson, 1993). This approximation may artificially be supplemented with Gaussian windowing through the imaginary– ordered fractional Fourier transform, sometimes also called Gaussian–windowed Fourier transform (Alonso & Forbes, 1998; Forbes & Alonso, 1998; Kravtsov & Orlov, 1999). Analogous Gaussian windowing may be introduced using the coherent state transform (Foster & Huang, 1991).

The Maslov method yields general superpositions of Gaussian beams or packets if the representation coordinates x^′ are sufficiently general complex–valued linear combinations of phase–space coordinates x and p^x (Klimeš, 1984b, eq. 24). We then solve the generalized eikonal and transport equations obtained by the high–frequency approximation in the new representation. The travel time in the new representation may be obtained by the generalized Legendre transform of the ray–theory travel time (Klimeš, 1984b, eq. 39). The high–frequency asymptotic approximation of the wavefield is then transformed to the coordinate representation by the 3-D complex linear canonical transform (Klimeš, 1984b, eq. 27). Analogous superpositions may also be obtained by means of the coherent state transform (Thomson, 2001).

To obtain a general superposition of Gaussian packets by the Maslov method, we transform the wave equation to phase–space coordinates x^′, p^{x′} , given by general complex–valued symplectic transform (25), by inserting expressions (11) for operators x̂, p̂^x. The high–frequency approximation then yields the generalized eikonal and transport equations. The solutions of these equations may be expressed in terms of the solutions of standard eikonal and transport equations. The obtained approximate high– frequency solution can then be transformed back to coordinates x^′ by by 3-D complex linear canonical transform (12), which is a generalization of both the real–ordered fractional Fourier transform and imaginary–ordered fractional Fourier transform (Gaussian– windowed Fourier transform). The resulting approximate high–frequency solution is identical to general 3–parametric superposition (7) of Gaussian packets, including general 2–parametric superposition (6) of Gaussian beams as a special case. Matrix N controlling the shape of Gaussian packets in (7) is identical to matrix (24),

N ≡ N^{xx}_M . (45)

The approximate high–frequency solution (7) derived in this way is thus independent of the choice of Q in symplectic matrix (10), provided that we set P = NQ. Solution (7) is also independent of matrices Q̃ and P̃ forming with Q and P symplectic matrix M. Klimeš (1984b) thus performed the above described derivation with matrix (10) selected in the special form M = ( 0 −1 1 −N ) , (46)

which corresponds to the form

M^{−1} = ( −N 1 −1 0 ) (47)

of matrix (27).

Note that Foster & Huang (1991) and Thomson (2001) selected matrix (27) for the coherent state transform (36) in the separable form

M^{−1} = iΩ 0 0 1 0 0 0 iΩ 0 0 1 0 0 0 1 0 0 0 −1 0 0 0 0 0 0 −1 0 0 0 0 0 0 0 0 0 1

. (48)

Operators r̂ and p̂^r are then transformed to operators r̂^′ and p̂^{r′} using equation (11) with matrix

M = 0 0 0 −1 0 0 0 0 0 0 −1 0 0 0 1 0 0 0 1 0 0 iΩ 0 0 0 1 0 0 iΩ 0 0 0 0 0 0 1

. (49)

Compared with equations (45) to (47), where matrix N has the positive–definite imaginary part, Foster & Huang (1991) and Thomson (2001) selected the analogous 2×2 matrix with the negative–definite imaginary part.

Unfortunately, the mathematical formalism of Maslov methods obscures the evolution of Gaussian beams or Gaussian packets along rays and makes the optimization of their shapes more difficult.

6. Decomposition of a general wavefield into Gaussian packets or beams Assume a time–dependent wavefield specified along a given surface, and call it “time section”. The trace of a Gaussian packet in the time section is approximately a Gabor function. The widths of the envelopes of Gabor functions are inversely proportional to the square root of frequency, not constant as for the Gabor transforms (discrete, integral) nor inversely proportional to frequency as for the wavelet transforms. Moreover, the shape of the packets has to be to some extent optimized with respect to the wave equation. and is thus often dependent on time and on the coordinates and wavenumbers along the surface. The Gabor functions corresponding to optimized Gaussian packets have envelopes considerably dependent on frequency and on the direction of propagation, and moderately dependent on the position and time. This makes the decomposition of

Figure 4. Sensitivity of seismic waves to structural perturbations: Single Gabor function g(x) centred at point x.

Figure 5. Sensitivity of seismic waves to structural perturbations: Short–duration broad– band wave incident at the Gabor function.

Figure 6. Scattered wave. The wavenumber vector of the scattered Gaussian packet is determined by the structural wavenumber vector k and by the wavenumber vector of the incident wave.

a general wavefield into Gaussian packets intricate. Žáček (2003a, 2003b) generalized the integral Gabor transform towards the approximate integral expansion of a time section into the Gabor functions of varying shape. The approximate expansion into Gaussian packets has the form of a linear integral transform. The expansion is exact if the envelopes of Gaussian packets depend on frequency and on the angle of incidence only. The system of Gaussian packets is four–parametric in 2-D and six–parametric in 3-D.

Decomposition of a general wavefield into Gaussian packets of given, optimized envelopes is crucial for Gaussian–packet true–amplitude prestack depth migrations. It may also enable to develop general hybrid methods, combining the Gaussian packet summation method with finite differences, finite elements, and other highly accurate methods which can be applied only to small parts of large models at high frequencies.

A time–dependent wavefield specified along a given surface can also be Fourier transformed into the frequency domain, where it consists of individual time–harmonic wavefields. Each time–harmonic wavefield may then be decomposed using the oversampled Gabor transform into four–parametric (in 3-D) system of Gabor functions, which are the traces of Gaussian beams along the surface (Hill, 1990, 2001; Shlivinski et al., 2004).

7. Sensitivity of waves to heterogeneities

We decompose perturbations of the coefficients of the wave equation (e.g., elastic moduli and density in the elastodynamic equation) into Gabor functions

g(x) = exp[ ik^T(x − y) −^1_2 (x − y)^TK(x − y)] (50)

centred at various spatial positions y and having various structural wavenumber vectors k. We consider a short–duration incident wavefield with a smooth broad–band frequency spectrum. The wavefield scattered by the perturbations is then composed of waves scattered by individual Gabor functions. The scattered waves are estimated using the first–order Born approximation with paraxial ray approximation. Each Gabor function usually generates only few narrow–band space–time Gaussian packets propagating in specific directions (Žáček & Klimeš, 2003). The only exceptions are broad–band forward scattering and broad–band narrow–angle scattering from the lowest structural wavenumbers, and rather rare broad–band critical scattering with mode conversion. Each scattered Gaussian packet is sensitive to just a single linear combination of the coefficients of the wave equation. This information about the Gabor function is lost if the scattered Gaussian packet does not fall into the aperture covered by the receivers and into the legible frequency band.

8. Migrations A “prestack depth migration” is a simple back–projection of a wavefield, roughly approximating the inversion of wide–angle scattering. It often includes even additional rough approximations. The back–propagated wavefield is compared with the incident wavefield, forming an “image” (convolutional transform) of the gradient of a particular linear combination of the coefficients of the wave equation.

8.1. Gaussian packet migrations The recorded wavefield (time section) is decomposed into the Gaussian packets as described in Section 6. Individual Gaussian packets are back–propagated and compared with the incident wavefield (Žáček, 2004). The image of each back–propagated Gaussian packet is approximately formed by one or few Gabor functions. We thus obtain not only the image of small–scale structural heterogeneities, but also the relation between the time section and the heterogeneities.

The algorithm of the true–amplitude common–source prestack depth migrations based on Gaussian packets consists of the following basic steps: optimization of the model for ray tracing and for Gaussian packets, calculation of travel times and other ray–theory quantities from the source to the dense rectangular grid of points covering the target zone, optimization of the envelopes of Gaussian packets travelling from various parts of the target zone to the receivers, decomposition of the time section into Gaussian packets, and the backprojection of individual Gaussian packets from the time section onto the migrated image of the target zone.

8.2. Gaussian beam migrations The recorded wavefield, Fourier transformed into the frequency domain, may be decomposed into the Gaussian beams as described in Section 6. Individual Gaussian beams are back–propagated and compared with the incident wavefield (Hill, 1990, 2001). In the frequency domain, the image of each back–propagated Gaussian beam extends along its whole central ray.

To improve the numerical efficiency, this procedure of Gaussian beam migration can be transformed from the frequency domain to the time domain. Refer to Hill (1990, 2001) for more details.

Acknowledgements The research has been supported by the Grant Agency of the Czech Republic under Contracts 205/01/D097 and 205/04/1104, by the Grant Agency of the Charles University under Contract 375/2004/B-GEO/MFF, by the Ministry of Education of the Czech Republic within Research Project MSM113200004, and by the members of the consortium “Seismic Waves in Complex 3-D Structures” (see “http://sw3d.mff.cuni.cz”).

References Alonso, M.A. & Forbes, G.W. (1995): Fractional Legendre transformation. J. Phys. A, 28, 5509–5527.

Alonso, M.A. & Forbes, G.W. (1998): Asymptotic estimation of the optical wave propagator. I. Derivation of a new method. J. Opt. Soc. Am. A, 15, 1329–1340.

Arnaud, J.A. (1972): Modes in helical gas lenses. Applied Optics, 11, 2514–2521. Babich, V.M. & Ulin, V.V. (1981): Complex space–time ray method and “quasiphotons” (in Russian). Zap. Nauchn. Sem. Leningr. Otd. Mat. Instit., 117, 5–12, english transl.: J. Sov. Math., 24(1984), 269–273.

Červený, V. (1985): Gaussian beam synthetic seismograms. J. Geophys., 58, 44–72. Červený, V. (2001): Seismic Ray Theory. Cambridge Univ. Press, Cambridge. Červený, V., Klimeš, L. & Pšenčík, I. (1984): Paraxial ray approximation in the computation of seismic wavefields in inhomogeneous media. Geophys. J. R. astr. Soc., 79, 89–104, online at “http://sw3d.mff.cuni.cz”.

Červený, V., Popov, M.M. & Pšenčík, I. (1982): Computation of wave fields in inhomogeneous media — Gaussian beam approach. Geophys. J. R. astr. Soc., 70, 109–128.

Chapman, C.H. & Drummond, R. (1982): Body–wave seismograms in inhomogeneous media using Maslov asymptotic theory. Bull. Seismol. Soc. Am., 72, S277–S317.

Combescure, M., Ralston, J. & Robert, D. (1999): A proof of the Gutzwiller semiclassical trace formula using coherent state decomposition. Commun. math. Phys., 202, 463–480.

Condon, E.U. (1937): Immersion of the Fourier transform in a continuous group of functional transformations. Proc. Nat. Acad. Sci., 23, 158–164.

Daubechies, I. (1991): Ten Lectures on Wavelets. Society for Industrial and Applied Mathematics, Pennsylvania.

Forbes, G.W. & Alonso, M.A. (1998): Asymptotic estimation of the optical wave propagator. II. Relative validity. J. Opt. Soc. Am. A, 15, 1341–1354.

Foster, D.J. & Huang, J-I. (1991): Global asymptotic solutions of the wave equation.

Geophys. J. int., 105, 163–171.

Hill, N.R. (1990): Gaussian beam migration. Geophysics, 55, 1416–1428. Hill, N.R. (2001): Prestack Gaussian–beam depth migration. Geophysics, 66, 1240– 1250.

Klauder, J.R. (1987): Semiclassical quantization of classically chaotic systems. Phys.

Rev. Lett., 59, 748–750.

Kendall, J-M. & Thomson, C.J. (1993): Maslov ray summation, pseudo–caustics, Lagrangian equivalence and transient seismic waveforms. Geophys. J. int., 113, 186– 214.

Klimeš, L. (1984a): Expansion of a high–frequency time–harmonic wavefield given on an initial surface into Gaussian beams. Geophys. J. R. astr. Soc., 79, 105–118, online at “http://sw3d.mff.cuni.cz”.

Klimeš, L. (1984b): The relation between Gaussian beams and Maslov asymptotic theory. Stud. geophys. geod., 28, 237–247, online at “http://sw3d.mff.cuni.cz”.

Klimeš, L. (1986): Discretization error for the superposition of Gaussian beams. Geophys. J. R. astr. Soc., 86, 531–551, online at “http://sw3d.mff.cuni.cz”.

Klimeš, L. (1989a): Optimization of the shape of Gaussian beams of a fixed length.

Stud. geophys. geod., 33, 146–163, online at “http://sw3d.mff.cuni.cz”.

Klimeš, L. (1989b): Gaussian packets in the computation of seismic wavefields. Geophys.

J. int., 99, 421–433, online at “http://sw3d.mff.cuni.cz”.

Klimeš, L. (2004): Gaussian packets in smooth isotropic media. In: Seismic Waves in Complex 3-D Structures, Report 14, pp. 43–54, Dep. Geophys., Charles Univ., Prague, online at “http://sw3d.mff.cuni.cz”.

Kravtsov, Yu.A. & Orlov, Yu.I. (1999): Caustics, Catastrophes and Wave Fields. Springer–Verlag, Heidelberg.

Maslov, V.P. (1965): Theory of perturbations and asymptotic methods (in Russian). Izd.

MGU, Moscow.

Ozaktas, H.M., Zalevsky, Z. & Kutay, M.A. (2001): The Fractional Fourier Transform with Applications in Optics and Signal Processing. John Wiley & Sons, Chichester.

Popov, M.M. (1982): A new method of computation of wave fields using Gaussian beams. Wave Motion, 4, 85–97.

Ralston, J. (1983): Gaussian beams and the propagation of singularities. In: Littman W. (ed.): Studies in Partial Differential Equations, MAA Studies in Mathematics, Vol.23, pp. 206–248, The Math. Assoc. Amer., Washington, DC.

Shlivinski, A., Heyman, E., Boag, A., & Letrou, C. (2004): Phase–space beam summation formulations for ultra wideband (UWB) radiation. In: Proceedings of URSI International Symposium on Electromagnetic Theory (Pisa), pp. 936–938, Edizioni PLUS, Università di Pisa.

Thomson, C.J. (2001): Seismic coherent states and ray geometrical spreading. Geophys.

J. int., 144, 320–342.

Wolf, K.B. (1974): Canonical Transforms. I. Complex linear transforms. J. math.

Phys., 15, 1295–1301.

Wolf, K.B. (1979): Integral Transforms in Science and Engineering. Plenum Press, New York.

Žáček, K. (2001a): Optimization of the shape of Gaussian beams. In: Seismic Waves in Complex 3-D Structures, Report 11, pp. 181–201, Dep. Geophys., Charles Univ., Prague, online at “http://sw3d.mff.cuni.cz”.

Žáček, K. (2001b): Optimization of the shape of Gaussian beams. In: Expanded Abstracts of 71st Annual Meeting (San Antonio), pp. 2128–2131, Soc. Explor. Geophysicists, Tulsa.

Žáček, K. (2003a): Decomposition of the wavefield into optimized Gaussian packets. In:

Seismic Waves in Complex 3-D Structures, Report 13, pp. 35–43, Dep. Geophys., Charles Univ., Prague, online at “http://sw3d.mff.cuni.cz”.

Žáček, K. (2003b): Decomposition of the wave field into optimized Gaussian packets. In:

Expanded Abstracts of 73rd Annual Meeting (Dallas), pp. 1869–1872, Soc. Explor. Geophysicists, Tulsa.

Žáček, K. (2004): Gaussian–packet prestack depth migration. In: Seismic Waves in Complex 3-D Structures, Report 14, pp. 17–25, Dep. Geophys., Charles Univ., Prague.

Žáček, K. & Klimeš, L. (2003): Sensitivity of seismic waves to the structure. In: Expanded Abstracts of 73rd Annual Meeting (Dallas), pp. 1857–1860, Soc. Explor. Geophysicists, Tulsa.