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PREFACE

Ray theory has been used in seismology for a long time. In spite of its broad
possibilities, it has been mainly used to study seismic waves in rather simple media,
such as radially and vertically inhomogeneous structures. For such models of media,
however, analytical solutions of elastodynamic equations are known, éven though
they are rather comphcated Remarkable progress has been achieved in the theoty ’
of elastic waves in vertically and radially mhomogeneous media during the past few -
years; references may be made to wave matrix methods (e.g., ‘the reflectivity method
by Fuchs), the exact ray method, etc. In vertically and radially inhomogeneous
media, the ray method cannot compete with these methods in the accuracy of
results. On the other hand, the ray method can be applied to more complicated
media, in which the above mentioned methods cannot be used. In the present book, -
attention is devoted mainly to the application lof ray theory to general laterally
inhomogeneous media with curved interfaces. The investigation of seismic wave
fields in such structures is of great 31gmﬁcance in present geodynamical studies:
The ray method for vertically inhomogeneous media is discussed here only shortly,
the ray method for radially symmetric media-is not discussed at"all. The material
of this book is concerned mainly with practical aspects of computation possibilities.
It is assumed that the suggested procedures w111 find apphcatlons in seismic studies
of the Earth’s crust and the uppermost mantle and in seismic prospecting. The
major problem in the application of the ray ‘method is that it is only approx1mate
and has a number of serious restrictions. Nevertheless, at the present time it is the
only method that is able to give us an approximate answer to many problems of
seismic body wave propagation in comphcated models of media. g
The book consists of eight chapters. The basic principles of the ray method are -
described in Chap. 2. To some extent, vthve chapter has a reference character only; "
many formulae and equations are presented there without derivations. Appropriate
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references to a more detailed literature are, however, always given. The two next
extensive chapters treat mainly the practical problem of computation of rays, travel
times, ray amplitudes and ray theoretical seismograms. Both chapters are supple-
mented by many numerical examples. Chapter 5 deals with the application of the
ray method to anisotropic inhomogeneous media. Procedures for ray tracing and
computations of ray amplitudes in anisotropic inhomogeneous media are suggested.
In Chap. 6, the ray method is generalized to include the complex valued solutions
of the eikonal equation. This generalization can be used to investigate various
important wave propagation problems. The method of complex eikonal is applied
to the investigation of surface waves. In section 6.6, another method to investigate
surface waves in laterally varying layered structures, very close to the ray theory,
is described. Chapter 7 is devoted to seismic wave fields in regions with irregular
behaviour of rays. Certain modifications of the ray method are described. Particular
attention is paid to seismic waves in the shadow zone. Finally, the validity con-
ditions of the ray theory are discussed in Chap. 8.

To restrict the length of the book, the authors have not discussed many important
and interesting problems of the ray theory and of its applications. Let us mention,
for example, the ray method for waves in visco-elastic media [28], the ray theory for
pre-strained media [153], etc. No inverse problems are discussed, even though
a large number of seismic structural inverse problems are based on ray concepts.
Moreover, the authors have, consistently used .Cartesian coordinates throughout
the book. To investigate the seismic waves in deeper parts of the upper mantle,
it would be more suitable to use spherical coordinates instead of Cartesian ones.
It is, however, very simple to rewrite all presented formulae and procedures into
any orthogonal curvilinear coordinate system [156]. The list of references presented
in the book is far from being exhaustive. Only the most important references are
included.

The book was written in close cooperation of all the three authors. The text of
Chap. 2 (with the exception of sections 2.10, 2.11 and 2.12), Chap. 4, Chap. 5,
Sec. 6.6 and Sec. 7.1 was prepared mainly by the first-named author, who also
extensively participated in writing of Chap. 3. The text of sections 2.10-2.12,
Chap. 6, Chap. 7 and Chap. 8 was written mainly by the second-named author.
Finally, the third-named author wrote substantial parts of Chap. 3.

The authors are greatly indebted to their colleagues from the Charles University
(Prague), Geophysical Inst., Czechosl. Acad. Sci. (Prague), Leningrad University,
Leningrad Division of the Mathematical Inst., Acad. Sci. USSR, Institute of the
Physics of the Earth, Acad. Sci. USSR (Moscow), University of Cambridge,
Institute de Physique du Globe (Paris), and from various other universities and
institutions, for helpful suggestions, valuable discussions and encouragement.
They wish to express their cordial thanks especially to Dr. A. L. Levshin, Dr. P.
Richards, Dr. R. A. Stephen and- to Dr. O. Novotny for critically reading parts of
the manuscript and to Prof. G. Jobert for valuable suggestions. They are also gra-
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teful to Dr. N. I. Pavlenkova, Dr. I. P. Kosminskaya and Dr. A. M. Yepinat’yeva
for suggesting certain typical models of media for computations. The first-named
author wishes to thank the Department of Applied Mathematics and Theoretical
Physics, The University of Cambridge, and the Institute de Physique du Globe,
Université P. and M. Curie, Paris, for senior fellowships. Some computations
in this book, mainly the computations of ray theoretical seismograms, were
performed at these universities. Similarly, the second-named author is grateful
to the Charles University for the invitation to work for some time at the
Geophysical Institute of this university. The first version of Chapters 6, 7 and 8 of
this manuscript was prepared during this stay.

V. CERVENY
1. A. MOLOTKOV
1. PSENCIK
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1

' INTRODUCTION

Problems of wave propagation play an important role 1n various branches of geo-
physics, mention may be made to radio waves'in the ionosphere, acoustic waves
in the ocean’and) the atmosphere, elastic waves within the solid Earth, etc. The
methods of the investigation-of elastic ‘wave fields within the Edrth’s crust and the
uppermost mantle should take into account the following facts: -

First, the structure of the Earth’s ‘crust and the uppermost mantle is very com-
plicated. Tn ‘many regxons, the velocity" changes considerably in all the three
coordinates. These very reg1ons are of lgreat 1nterest in’ contemporary geo-
" dynamical studies. - o

Second, the velocity and ‘its spatial‘ derivatives are not smooth furictions of
coordinates. There are important structural discontinuities in the Earth’s crust and
the uppermost mantle. These discontinuities are often of rather complicated geo-
metrical shapes and physical properties. In many regions, the deep block structures
have been found. They are again of great significance in geophysics and geology.

Third, there are certain indications of the anisotropy of velocities in the Earth’s
crust and the uppermost mantle, mainly in oceanic regions.

For such types of media, analytical solutions of equations of motion are not
known. There are two main approaches to the investigation of wave fields in such
complicated media: approximate methods and methods based on direct numerical
solution of elastodynamic equations (such as finite difference methods).

Approximate methods can be used to study the propagation of elastic waves in
rather complicated structures. Let us mention here at least Whitham’s wave
theory and various types of high-frequency approximations, such as the ray
method. This book will be devoted to the ray method, to its possibilities and
limitations, and to its apphcauons to seismic wave fields in complicated inhomoge-
neous media.
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The fundamental principles of the ray method have been known for a long time.
The historical development of the ray method is closely connected with the in-
vestigation into the nature and behaviour of light. For details of historical develop-
ment see the book by Kline and Kay [95]. In seismological applications, the ray
method was first applied only later, at the end of the last century. It was used main-
ly to investigate the inner structure of the Earth from travel time curves of seismic
. body waves, and to compute rays and theoretical travel times of seismic waves
in various types of media, for ultimate comparison with observed data. Only rather
simple models of media were considered, such as radially symmetric structures.
The ray theory was first applied to appreciate the amplitudes of seismic body
waves propagating in the solid Earth probably by Sir H. Jeffreys during 1920-1930.

The ray series solution of the elastodynamic equations of motion was first
written by Babich and Alekseyev [14] in the USSR and by Karal and Keller [84]
in the USA. The series solution allows to include as many terms as suitable for the
problem at hand. For seismic body waves, the first (leading) term is often sufficient,
as will be seen later. In fact, this term corresponds to the well known geometric
optics approximation. »

The ray method is not restricted to the equations with separable variables and
can thus be applied to general inhomogeneous media, whereas the elastodynamic
equation of motion can be separated only in few cases. Methods have been devel-
oped and programs have been written to compute rays, wave fronts, travel times
and ray amplitudes of various types of seismic body waves in media in which the
velocity depends on two or three spatial coordinates and in which even complicated
discontinuities may exist. Procedures have also been suggested to compute
ray theoretical seismograms for these complicated structures. These procedures
are described in some detail in next chapters. They are supplemented by many
numerical examples.
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2

BASIC PRINCIPLES
OF THE RAY METHOD

In this section we shall investigate the propagation of elastic waves in an inhomoge-
neous, perfectly elastic and isotropic medium. We use ¢ to denote the density of
the medium and A and p its Lame’s parameters. Weassume that 4, 4, ¢ and all
their derivatives are continuous functions of coordinates. The inhomogeneous
medium with discontinuities in.- 4, u, ¢ or in their derivatives will be investigated
in sec. 2.7. The linearized elastodynamic equation of motion can be written in'the
form

—

2U —_ — — —_ —_
@2.1) o %;2— = (A4 @) V(V.U)+ uV2U + VA(V.U) + Vi X (V x U) +2(Vp. V) U.

-
Here U(xi, t) denotes the particle displacement vector, “ X denotes the cross-
product and ¢ is the time.

2.1 RAY SERIES

We shall seek the solutions of (2.1) which are non-analytic along certain moving
surfaces. These surfaces are called wave fronts. Let us suppose that a wave front
is described by the equation

2.2) r=1t(x;).

In this case it is convenient to seek the solution in the form of a ray series

(2.3) U(xi, 1) = go Us(x:) Fr(t — 7(x3)) »

where x; are Cartesian coordinates and the functions Fx({) satisfy the relation

24 - FO = Fea(0) .
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_ The functions Fj({) are generally complex functions of a real argument

ey BO=A0+isd),
‘ v)vherefkfi) andgk(Z_,') are real functions, and gx(¢) is a Hilbert transform of fx(() ,
2.6) @O =711 fild)(w— ) ds.

Ray series (2.3) includes solutions which are discontinuous on wave fronts. It
follows from (2.4) that the order of discontinuity of function Fy.1 on the wave

front is one less than that of Fi. The functions ak(xi) in the ray series (2.3) are
called the amplitude coefficients of the ray series and the function (x;) is called

the phase function or the eikonal. Both v and (—jk are functions of spatial coordin-
ates only, they do not depend on time.

Let us note that the main principles of the ray series method are described in
. many papers, see e.g. [3, 4, 27, 53, 75, 81, 156, 159].
It was assumed in (2.3) that the phase function (x;) is a real function. The ray
- - theory, however, can be generalized to include a complex phase function. The ray
theory with a complex phase function can be used to investigate certain classes of
waves which cannot be investigated by a standard ray theory. More détails on aray
theory with a complex.phase function are given in Chap. 6. -

" The amplitude’ coeﬂic1ents Uk(xi) are generally complex—valued vectors. Any

complex—valued vector A can be expressed in the followmg form

—>

X (27) ) A1+1A2,

Where A1 and Az are ordmary, three-d1men31ona1 real vectors, 1is the imaginary
unit. An alternative form of formula (2.7).is. as follows.

—

(2 7,) A= qe + azes 4 aaés ;'

where en (n=1,2,3) form a system of three real mutually perpendicular unit
vectors, dn(n=1,2,3) are complex scalars, ay = a{’ + ia? (a{¥’ and a{
. are real). By comparison of (2.7) with (2.7') we have

- ' =
A1 = a‘”el + a(1)92 -+ a )83 Ay = = a(z’el - a‘z’eg' + a‘32’e3“:‘ :

The properties of complex-valued vectors are described in detail in the book by
Kline and Kay [95], Appendix V. Here we shall use consistently the complex-
valued wvectors in the same way as.they are-introdueed-in [95]. -Let us note that,
by definition,

]A[2 = (Al A1) + (Az Az) = a1a1 + asai+ a3a3—
S (@) 4 (@) + (@)? + (@@t (@) + (a®)?.
The asterisk denotes the complex conjugate value.
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It has been assumed by various authors that Jk are real. This assumption,
however, would exclude certain very important types of waves. The examples are
the supercritically reflected waves (which are probably the most important waves
in the Earth’s crust studies), refracted waves after touching a caustic, etc. All the

formulae of the ray theory are, of course, simpler in situations when Up(x;) are
real. Then we can use only real functions fx({) instead of the complex functions
Fi(0), see (2.5), and we do not need to use the Hilbert transform at all.

It was shown above that functions ak(xi) and Fi({) are generally complex

functions. Hence it follows that even the displacement vector U(xz, t) we are
looking for is a complex vector, see (2.3). It should be emphasized that only real

and imaginary parts of U(x;, z) are the physically meaningful fields. It is, however,
- very convenient to introduce and work with the complex displacement vector;
the mathematical procedures become s1mpler and many expressions can be
written in a more compact form. Only later shall we return to the real displacement
vector, see section 2.8.
The above form of the ray series with Fj determined by (2.4)—(2.6) can be used
also for high-frequency signals. Then we can write ‘

(2.8) | Fy(0) = j' (—iw)*-rS(w) exp(—lcoC) do,

where y = const. and wq is large. Finally, the ray series (2 3) can be also used
for high-frequency harmonic waves. Then

@8) R =(—iw)F7exp(—iol),
~ and the ray series (2.3) reads
(2.9) Usi, £) = exp (—io(t — (x0) éo(_iw) w-rUp(x:) -

To obtain the expression for z(x;) and '_ak(xi), ‘we can use any form of the ray
series given above. In the following, we shall use mostly the ray series in forms
of (2.3) and (2.9).

2.2 BASIC SYSTEM OF EQUATIONS IN THE RAY THEORY

To find the expressions for v and Gk, we insert (2.3) into (2.1). If the coeffi-
cients of the functions Fi(t — 7) (¢ = 0, 1, 2, ...) on the left-hand and right-hand
sides of the equation are compared, a system of equations is obtained

(2.10) N(uk) — MUy) + L(UM) =0, (k =0,1,2,...),

with U -1 = U_s = 0. Vector operators N ‘M and L are given by formulae
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NUi) = —oU + (2 + w) Ve(Us . V2) + u(Ve)? Uy,

‘ M(Uk) = (1 +u) [V(Ulc V'r) + Vr(V U;c)] +
(2.11) + u[2(Vz. V) Uk + (V27) Uk] + V}.(Uk Vo), + -
+ Vu X (VT X Ulc) + 2(Vu . V7) U]c s

LWUy) =0+ w V(V UL) + ,uV2U;c + V/I(V Uk) +
+ V,u X (V X Uk) + 2(Vp . V) Uk
The recurrent system of equations (2. 10) can be used when certain 1mt1al conditions

are known to determine. 7(x;) and Uk(x,), k= 0,1,2,.

23 DIFFERENTIAL EQUATIONS
FOR THE PHASE FUNCTION AND FOR THE AMPLITUDE COEFFICIENTS

2.3.1 EIKONAL EQUATION

- The phase function r(xi) can be determined from (2.10) with 2 = 0, i.e, from
the equation N(Uo) = 0. This formula represents a system of three algebraic

— N i
equations for three components of U,. The system has a non-trivial solution
if and only if the determinant of the system vanishes. It vanishes in two cases:

(2.12) (Vo2 =2, with  a=(4+2u)l2[ k2,
(2 13) (VT)Z = f-2, with (/,L/Q)llz

Formulae (2.12) and (2.13) are the well—known eikonal equations. We shall call
the wave a compressional (P) or a shear (S) wave according to whether it satisfies
(2.12) or (2.13).

It can be easily shown (see Note in sec. 3.2.1) that the characteristics of the

M
erkonal equation are the extremals of the Fermat’s functional f 2-1(x;) ds, where

v =« or v =70 and s is the arclength along a trajectory connectmg the pomts
Moy and M. We shall call these extremals (characteristics) the rays. They form
a system of trajectories orthogonal to the system of surfaces 7(x;) = const. The
surfaces 7(x;) = const represent, wave fronts.

Equatipns ﬁ(ﬁo) = 0 determine also the direction of Uo. Taking the scalar
prpduct and the cross product of EI(L_l)o) with Vr, we find that
(Vo —ad) Wo. V) = 0, (V) — f~3) (U x V&) = 0.
Thus, for: (Vz)2 = a2 (i.e., for P waves), the expression (Uo X V) must vanish.

Similarly, for (V7)2 = -2 (i.e., for S waves), we obtain (U_o) . Vt) = 0. It follows

18



.
that for the compressional (P) waves the leading term of the ray series U, is
tangent to the ray or more precisely, both the real-valued vectors forming the

complex-valued vector 30 (according to formula (2.7)) are tangent to the ray.
For shear waves, the complex-valued vector Uo lies in the plane normal to the

ray. It means that both the real vectors forming (70 lie in the plane normal to the
ray. Their direction, however, may be generally different. Note that the value
of 7 (in either of the two cases), which is given by the eikonal equation as a solution,
is not confined only to the leading term of the ray series. The same value holds
for the whole ray series, including all the higher terms. '

2.3.2 TRANSPORT EQUATIONS

Since the equations for = for compressional and shear waves are not coupled to
each other, see (2.12) and (2.13), we can investigate each wave separately. With

—_

respect to the ray in each case, it is convenient to introduce a unit tangent vector t,
: - —
a unit principal normal vector n, and a unit binormal vector b. Then we can
write, see (2.7)
— — ;,_" —
(2.14) U= Uit+ Uin + Uib.
We shall also use the notation

(2.15) Ut = Uin + Uib .

For compressional waves, UZ = 0, L_l:,L = 0. For shear waves, U; = 0, ad- # 0.
This corresponds fully with the conclusions given at the end of sec. 2.3.1. In the
case of higher terms (¢ > 1), both components may differ from zero. Hence, the
compressional wave is not purely longitudinal and the shear wave is not purely

—
transverse. For compressional waves, the component Ujt, parallel to the ray, is

called the principal component, and U, perpendicular to the ray, the additional
component. For shear waves, the principal component is perpendicular to the ray,

—_ —
Uz, and the additional component is parallel to it, U}t.
For simplicity, we shall use the terms “principal and additional components®

not only for complex-valued vector quantities U ,1;: a,f, as they are introduced
above, but also for the complex-valued scalar quantities U}, U2, U3, see (2.14).
In this sense, U; is the principal component of the displacement vector of the
P wave, U; and U} are its additional components. For S waves, U; and U}
are principal components, and U} is the additional component.

To obtain equations for Uk, we use the systems of equations (2.10). As. the
derivation is lengthy, it is not presented here, see [53]. Finally we obtain:

19



a) Compress1ona1 waves
For P waves (W1th (Vi =a 2), the additional component U, 1s obtamed

by differentiation of Up: and Uy 2

@16 U= ¥+ ) (MUso) — L(Us2)

The principal component - U} can be determined by solving first. order ordinary
differential equation, the so called transport equation,

(2.17) (gl’UAW%+thW%—§W0:
where
(2.18) o (2) = oc(20)‘1 (L(Up) — MUY . Vz.

For the leading term of the ray series (k= 0) we have U0 =0, g"(z) = 0.
~ b) Shear waves.

For S waves (with (Vr)2 = —2), the additional component is given by the
formula - R “ :
(2.19) w;ma+MMW@h—Rmmy?

The transport equations, however, are more complex than in the case of com-
pressional waves. Using Frenet’s formulae d;/ds — Tb — KZ dz/ds = —T;,
we obtain (see [53]),
@) S grup 4 3Uxe v + S o) = 8P,

dUk

-+ pTUR + 1U3 Hp2ver + —ln (e6%) = &) »
where
@21) g = (20)(L(Us) — MU3R). 1,
T e = 20U — MU b )
In the above equattons, T denotes the torsion of the ray and K its curvature
We can see that U} and U $ are coupled to each other, except when the torsion

of the ray vanishes along the whole ray (i.e., when T = 0). For the leadmg term
- of the ray series (k = Q) we have Uy = 0, g‘z’ =g®» = 0.

2.4 RAY COORDINATES

Transport equauons (2 17) and (2 20) are con31derab1y sunphﬁed when the so
called ray coordinates (7, y1, y2) are introduced, where y1 and v2 specify the ray
under consideration, and = the position of a point on the ray. The coordinates
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1, v2 can be regarded as curvilinear coordinates on the wavefront, at some specific
point of time, or, in the case of a point source, as take-off angles at the source.
They are also called ray parameters. For any ray with parameters y; and y2, we

—_— -—
can write the parametric equation, x = x(z, y1, y2). For fixed time 7, as y1 and
y2 vary, this equation becomes the equation of a wave front. By a ray tube we shall

Fig. 2.1 Ray tube. The ray coordinates of points Ao, Bo, Co, Dy are the following: Ao(zo, y1, y2),
By(zo, y1 + dy1, ¥2), Co(to, y1 +dys, y2 + dya)s Do(vo, 1, v2 + dys)

understand the family of rays the parameters of which are within the limits
¥1, ¥1+ dy1; ys, ye2 + dys, see Fig. 2.1. The cross-sectional area of the ray
tube do can be evaluated from the relation - :

- (2.22) ’ do = Fdyi dys,
where
(2.22") F = |0x/Oy1 X O[] , X = (x1, X2, %3) .
We can also easily derive
(2.23) V2 = (Fo) L d(Fle)/dv .

(For S waves, « should be replaced by #). This formula can be used to simplify
the transport equations. Other formulae for ¥ will be given in Chap. 3.
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’ 2.5 TRANSPORT EQUATIONS
IN RAY COORDINATES AND THEIR SOLUTION

Usmg ray coordinates and formula (2.23) we can rewrite the transport equations
(2.17) and (2.20) in a more convenient form. The transport equatlon for P waves
reads

(229) UL 1 oa) U - (0n) = g0

The solution of this equation is as follows

(2.25) = ()% {yi(y1, v2) + I g(©) (Feo)/2 di},
where y} ‘denotes an arbitrary function of y; and .

For S waves, the transport equations are given be the formulae

(2.26) dUk

—”ﬁTUk+(29/3f)"1 Ui+ d (@ﬁi) (@),
dUk

+ BT+ (208) U <= (oB9) = 27G)
The solution of these equations can be written in the following form,
= (o) /?{wi(y1, ¥2) cos O(t, 7o) + yi(y1; y2) sin O(z, 7o) +
+ | (61 cos 6(s> ) + g1 sin 6z, 1) (JBe)* i}

(2.27)
U2 = (BoF)L/2{pi(r1, y2) cos O(t, To) — i(y1, y2) sin O(z, 7o) +

+ f (g§® cos 6(z, ) — gi” sin (v, 1)) (Fho)/* dl}.

The integralsin (2.25) and (2.27) are taken along the ray, g{” and (#B0)'/2, (Je0)*/2
in the integrands are functions of {. The following notation is used:

(2.28) O(r, v0) = [ BT dr,

and 2, y? are again arbitrary functions of y1,y2. For T = 0, formulae (2.27)
for U2 and U} are quite equivalent to formula (2.25) for U}, only appropriate
changes in indices and velocities must be considered.

- 2.6 LEADING TERM OF THE RAY SERIES

In many cases it is sufficient to consider only the leading term in the ray series (2.3).
This term is the most important in seismological applications. We shall present
here only the final formulae, independently for P and S waves.
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- 261 P°WAVES

From (2.3), (2.14) and (2.25) we have

(2.29) | U ~ UiFo(t — 7)t,
where
(2.30) Us = («0J) 2 wi(y1, v2) -

The values of «, g, ¥ generally depend on 7, the functlon w; is constant along
the whole ray.
Another useful formula for U, is as follows

(2300 Ui(®) = Us(o) [%:)ﬁ]m '

This formula can be used to compute U; at any point of the ray when Uj(zo) at
another point 7 = 74 is known.

2.6.2 S WAVES
From (2.3), (2.14) and (2.27) follows

@31) U ~ (Un + U3b) Fo(t — 1),
where

(2.32) U§ = (Be)*/*[95(y1, y2) cos @ + pi(y1, y2) sin O] , -
= (BoJ) M*[p3(y1, y2) cos @ — pi(y1, y2) sin O],

and where @ denotes @(z, 79) and is given by the formula (2.28).
- The above formulae can be written in a simpler form. Lét us introduce complex
function y5(y1, y2) and the complex angle & by the relations

(2.33) g == Y5 Ccos e, yi=yisine.
Then, from (2.32),

234 U= BoN My, ye)cos O, U= —(Bof) 2331, 72)sin O,
where '

@34) 0=0(r,70) —c=| pTdv—¢.
70

Let us now introduce :UE by the relation |
(2.35) - o . US=[(UD2 4 (U322,
Then, we can rewrite (2.31) in the ﬁnal form, see (2.34), -

(2.36) U= Uﬁ(; cos-6® — b sin ) Fo(t — 7) .7 "
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The complex function U; satisfies along the ray the following relation, see (2.34)
and (2.35),

(2.37) Us = (Bof)p3(v1s v2) -

Thus, relations (2.30) for the function U; (for P waves) and (2.37) for U; (for
S waves) are fully equivalent.
Other useful formulae for U7, U and Uj, similar to (2.30'), are as follows:

Us(z) = %@] i (Ui(x0) cos O(z, 7o) 4+ Ug(r0) sin O(z, 7o),
(2.38) Ui(x) = :%%0—)]”2 (US(x0) cos O(r, 7o) — Ul(vo) sin (7, vo))s
sery — | PG0) e(z0) FE) M2 s
i) = [FCREIE] " v

When we use formulae (2.38) instead of (2.32) and (2.37), the complex angle ¢
can be computed from the relation

Us(zo) = Uj(zo) cos ¢, Ug(zo) = Us(zo) sin e,
which is fully equivalent to the relation (2.33). The complex function Uj(zo) is
here again given by (2.35).

—

It follows from (2.36) that the complex displacement vector of shear waves U

— —_
lies in the plane normal to the ray and rotates with respect to n and b as the wave
progresses. The velocity of rotation is given by a simple formula, see (2.28),

(2.39) . d6/dv = BT .

It should be again emphasized that Uisa complex-valued vector. Both the real-

valued vectors which form U in the meaning of the formula (2.7) have the above
mentioned properties. Their directions, however, may be different.

2.6.3 INITIAL CONDITIONS AT A SOURCE

The formulae of the preceding sections can be used to compute the displacement
vector of seismic body waves along rays. To use these formulae, we must know
certain initial conditions. They may be given at any point of the ray, or directly
at the source of seismic waves. Here we shall deal with the initial conditions at the
source. In other words, we wish to determine the functions 4(y1, v2), 1 = 1,2, 3,
for some types of the source, see formulae (2.30) and (2.32). We shall consider only
the most simple types of the source, viz., the point source and the linear source.
These types of the source are also the most important in practical applications.

It would be difficult to study the source in the inhomogeneous medium. There-
fore, we shall assume that the medium in some small neighbourhood of the source
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is homogeneous. Denote «o, fo and o the values of «, 8, ¢ in this neighbour-
hood.

In the homogeneous medium, we can easily compute the exact solutions of
equations of motion and the expressions for the function ¥ for a point and linear
source. Comparing the exact solutions with (2.30) we obtain for y; the following
formulae (for P waves):

a) Point source

(2.40) ’lpé = (aogo sin 60)1/2 g((So, (po) .
b) Linear source -
(2.41) Yo = (2000)"/% g(d0) -

Here do and ¢o are two take off angles of the ray under consideration at the source,
used as the ray parameters in the case of a point source. In the case of a linear
source, the ray parameters can be regarded as 6o and Lo, where Lo is the arclength
along the line source and do is defined as above. The functions g and g denote
the directional characteristics of the source. We assume that g does not depend
on the arclength Lo along the linear source. The function g(do, @o) describes the
distribution of Uj on a unit sphere with its center at the point source. Similarly,
8(do) gives the distribution of U; on a unit circle (perpendicular to the line
source) with its center at the source.
Inserting (2.40) and (2.41) into (2.30) we obtain final expressions for P waves:

for a point source,

(2.42) Us = Lg(80, go) (wogofe@)/?, ' L = (J¥/sin 6o)\/2,

and for a linear source v
(2.43) Ut = L1 (o) (ogofocg )2 L=y,

Let us note that the functions L and L are often called geometrical spreading.
Similar formulae can be easily obtained for S waves, see (2.32). For a point
source, we have

(2.44)  Us = L(Bogo/po)"'* (g2(80, po) cos © + g5(So, o) sin 6)
U = L~YBooo/Be)"'2 (g3(d0, Po) cos © — g2(8o, po) sin ) .
For a line source, (2.32) and (2.41) give

(244) U3 = L(Bogo/fe)"/2 (g=(80) cos O + ga(do) sin 9) )
Us = L(Boeo/Bo)!/2 (g5(80) cos © — Fx(0) sin 6) .

Here g2 and g2 are the directional characteristics for the component UZ, g3 and
g3 the directional characteristics for the component UZ. The other symbols have _
the same meaning as introduced earlier.

It should be noted that the above formulae for S waves can be again easily
rewritten in various other forms such as in Sec. 2.6.2. The complex angle ¢ (see
(2.33)) is given by relations

g2 = (g2 + g3/ cos ¢, g3 =(gs + gi)'%sine
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for a point source, and by , . _
g2 = ((82)% + (g3)?)M2cos ¢, 23 = ((82)? + (gs)?)/2sin e

for a linear source. When the directional characteristics are real or when they are
complex but have the same argument, the angle ¢ is real.

2.6.4 ENERGY CONSIDERATION

Certain formulae of Secs. 2.6.1 and 2.6.2 follow directly from some simple energy
considerations, too. We shall assume that energy propagates only along the rays
and that no energy flows through the side walls of the ray tube. Then, it follows
from the law of conservation of energy that the energy flux through the cross-
sectional area do(zo) of the ray tube must be the same as through do(z). Using
the appropriate formulae for energy flux, we can write this condition in thefollowing
form, see e. g. [53], : K 5 :

o(70) «(70) do(zo) [U(z0)|2 = o() o) do(2) [U()2
where the dot denotes a derivative with respect to time. For S waves, « should be

replaced by 8. If we insert the zero-order approximations for U(ro) and U(r),
and take into account (2.22), we obtain for P waves:

— 1/2 —

G = [LCO LI Gy
Ul = S ey | Y

The above formula gives the same variation of |30| with = as (2.30"). However,

it does not determine the possible changes of the phase factor of Uo(f). For S

waves, we have by definition 1170|‘=" (UU + U‘?,U?,*)l/zb. From)| the first two
equation in (2.38) we obtain easily '

G — [ I G
ol = [ () o(z) J(@) ] [Uo(o)] -.

It should be emphasized again that the law of conservation of energy flux along
the ray tube is applicable only in the zeroth approximation of the ray theory.

' 27 SEISMIC WAVES IN INHOMOGENEOUS MEDIA
T WITH CURVED INTERFACES

The method presented in previous sections can be used only in those regions where
XNxi), u(x;) and o(x;) and their.spatial derivatives are. continuous functions of
coordinates. When the ray impinges on an interface across which the k-th derivatives

-
of elastic parameters or density are discontinuous, U also becomes discontinuous.
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We shall call the interface at which the n-th derivative of the elastic parameters
or density are discontinuous the interface of (n+1)th order; at the interface of
first order the elastic parameters or density themselves are discontinuous. We
assume that the media are in welded contact across the interface.

- . — . .
Assume now that the incident wave U° is described by the ray series

(2.45) o o — § G;‘: Fi(t — 7o),

where U¢ HEDN ro(xz) and the functions Fx({) are known. It is well known that the
reflected and transmitted compressional and shear waves must be introduced to
guarantee the fulfillment of the welded contact interface conditions. The properties
of reflected and transmitted waves just at the interface can be derived from the
interface conditions and from the known properties of the incident wave. As soon
as the properties of reflected and transmitted waves just on the interface are
determined, the rays and amplitude coefficients of these waves along the rays can
be computed by standard ray methods. A detailed investigation of the behaviour
of elastic waves at an interface is given in [3, 53, 159]. Here we shall present
only the most important results.

2.71 DESCRIPTION OF THE INTERFACE

Let the interface be described by the equation
(2.46) S(x)=0.

It separates two media which are generally inhomogeneous. Let a body wave (2.45)
propagating in one of the media !impinge on the interface. For a while consider
one of the rays of this wave, specified by ray parameters y1, y2. The ray impinges
on the interface at a point O. Let 7 = T denote the time coordinate of the inter-
section of the ray with the interface. The function S(x;) is supposed to have
continuous derivatives in some neighbourhood of the point O. The components
N; of the normal to the interface, .

oS oS oS )1/2
(2.47) Ny=¢ o, / ( 3%, % 5

are continuous differentiable functions of x; in this neighbourhood. The quantity
¢ assumes the value of 41 or —1 depending on the desired orientation of the
normal. Here we choose the orientation of the normal so that it is directed towards
the medium from which the incident wave impinges on the interface.

We introduce the plane of incidence E; as a plane determined by the normal

— —
to the interface N at -O and by the tangent to to the ray of the incident wave
at 0. Then we can introduce a local Cartesian coordinate system x, ¥, 3 with

its origin at the point O. The axis 2 lies along the normal N- and it is directed
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towards the medium from which the incident wave impinges on the interface.
The y-axis is perpendicular to the plane Ej . Its positive direction may be taken
arbitrarily. For example, we can take it so that the local y-axis makes an acute angle
with the general y-axis. Thus, for a two-dimensional situation (plane rays, T = 0)
the positive direction of the local y-axis is the same at all points of incidence. The

_x-axis lies along the intersection of E; with the plane tangent to the interface
at O. Its positive direction is determined so that the system x, y, 2 is right-handed.
Thus, the direction of the local x-axis may be in the direction of the propagation
of the waves as well as against it in some cases.

We use oa(xi), fi(x:), oi(x:) to demote the velocities and the density in the
medium from which the incident wave impinges on the interface, aa(xi), Ba(x1),
o2(x;) on the other side of the interface. We shall call the medium with the para-
meters a1, f1, 01 the first medium and the other the second medium. Thus, the
positive direction of the z-axis is always into the first medium.

2.7.2 REFLECTED AND TRANSMITTED WAVES

We denote the type of the reflected (transmitted) wave by the index », which
may assume values 1, 2, 3 and 4; v =1 and » = 2 refer to compressional and
shear reflected waves, » = 3 and » = 4 to compressional and shear transmitted
waves, respectively. The acute angle between the 2-axis and the tangent to the ray
of the »-th wave at the point O is denoted by 9,. For each of these four waves
a ray series expansion can be written

(2.48) U :kgoﬁg Fit — ).

We wish now to determine 7, and Jk(v— 1,2,3,4; k=0,1,2,...) at a
point O, using interface conditions and other relevant formulae, from a knowledge
of the elastic and geometric parameters of both media in the neighbourhood of the
point O and from the properties of the incident wave.

From the interface conditions we easily obtain the following kinematic conclu-
sions, see [53]: :
i) The tangents to the rays of reflected and transmitted waves at O lie in the

1nc1dent plane Ej.
ii) The’ angles of reflection and transmission 9, are connected with the angle of

incidence 9 by the Snell’s law
sind sindy sindy sindz  sindy

(2'49). Vo . Vi Va2 Vs 7

where V, is the velocity of propagation of the of the incident wave at O, (of
course, Vo= a1 for P wave and. Vo = p1 for S wave), V, denotes the velocity
of propagation of the »-th wave at O.
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The above conclusions determine the initial conditions for the computation of
rays of reflected and transmitted waves. More details are given in section 3.2.1.

The determination of the amplitude coefficients U; (k=10,1,..,v=1,2,3,4)
at the point O from the interface cond1t10ns 1s more complex At the point O we

define three perpendicular unit vectors np, nsv and n ¢y for every » (including
=20 for the 1nc1dent wave), connected with the rays of the waves under con-

81derat1on Here n .is the unit vec,t,or tangent to the ray, pointing in the direction
of propagation. The unit vector n - corresponds to the unit vector along the
~ local y;axis, perpendicular to E. The unit vector nSV is perpendlcular to the ray
and l1es in the plane Ej;. The direction of nsv is. determined so that the system

np, nSH and nSV is right-handed.
- Then we can write

- (250) - U; = Uipn} + Ulsy sy + Ul spMsn -
~ Thus, correspondmg to the four generated waves, we have twelve components for

each k! Six of these are principal components (Uk p U3, 7> Uk svs Uk.svs U 2 SH»
Ut.n) and the other six are additional components

It should be noted that [the [SV- and SH- pr1nc1pal components of U”
introduced in (2.50) can be easily computed from the principal components U
and U3, introduced earlier, see (2. 14).

Since the additional components can be determined by the differentiation of the
preceding terms in the ray series, the only unknown quantities, for a given &, are
the above mentioned six principal components. These can be determined from
interface conditions. A recurrent system of six linear equations for six unknown
pr1nc1pa1 components of reflected and transmitted waves at the point O for k2 =
=0,1,2,..., is derived and discussed in detail in [3, 53 159]. Here we shall
only present certain results following from the system

It should be noted that the rlght—hand sides of the system for % > 1 contain
the curvatures of the interface and of the wave front of the incident wave, the
elastic parameters at O and also some derivatives of these parameters.

‘The set of six equations can be divided into two 1ndependent systems. The first
system, consisting of four equations, inivolves only the unknown principal P and
SV components (U},p, U}, p, Ui,svs Ut,sv). The second system, consisting of two
equations, involves the unknown principal SH components (UZ ¢y, Uf cn). Both
systems can be solved independently. However, to find the right-hand sides of the
equation for either of these systems for % = n, we must know the solution.of both
systems for 2 <n. Thus, when an SH wave is incident on a curved interface
between two inhomogeneous media, only higher order P and SV reflected and
‘transmitted waves can be generated at the interface, and vice versa.
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Generally, in the case of the interface of (n+1)th order, the reflected and con-
verted transmitted waves are of n-th order. In other words, the first non-vanishing

amplitude coefficient in the ray series (2.48) is Uf,, assuming U° #+ 0 for the
incident wave. The only exception is the unconverted transmitted wave, which is
of the same order as the incident wave.

The situation is substantially simpler in the case of the leading term of the ray
series and interfaces of first order. We shall present certain conclusions, which are
valid only in the case of the zeroth approximation, and do not hold generally for
higher terms:

i) When a P or SV wave impinges on an interface of the first order, only P and
SV reflected and transmitted waves are generated.

ii) When an SH wave impinges on an interface of the first order, only SH
reflected and transmitted waves are generated.

iii) The ratio of any principal component of a reflected (transm1tted) wave to
any principal component of the incident wave at the point O does not depend on
the curvature of the interface, on the curvature of the wave front of the incident
wave, or on any derivative of the elastic parameters. Of course, it does not depend
on the shape of the incident pulse, either. It depends only on the angle of incidence
and on the elastic parameters and density at O (on both sides of the interface).

It follows from iii) that the ratios of the principal components for 2 = 0 are
given by standard reflection and transmission coefficients of plane waves at a plane
interface between two homogeneous media (with elastic parameters and dens1ty
21(0), 11(0), 01(0) and 22(0), pu2(0), 02(O) respectively).

2.7.3 REFLECTION AND TRANSMISSION COEFFICIENTS.
COEFFICIENTS OF CONVERSION

It follows from the above conclusions that the reflection and transmission coeffi-
cients are of two types: P-SV coefficients and SH coefficients. We shall present
here independently the formulae for both these situations. Moreover, we shall also
give the formulae for the reflection/transmission coefficients for the interface be-
tween two liquid halfspaces and for the free surface.

The reflection/transmission coefficients generally depend only on the angle of
incidence and on the velocities and densities at both sides of the interface at the
point of incidence O. For brevity, we denote

ot = aa(0), a2 = ax(0), fr=i(0); P2 = B2(0), o1 = 01(0); 02 = 02(0).
Instead of the angle of incidence ¢ we shall use the ray parameter p,
p=sin%Vi,
i=0,1,2,3,4, see (2.49).

a) P-SV reflection/transmission coefficients ‘
It can be easily shown that we have eight various P-SV reﬂect10n/transm1ss1on
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coefficients. We shall denote them R;, 7 =1,2,...,8. All the possible types of
reflection/transmission P-SV coefficients are shown in Fig. 2.2. It is assumed there
that the positive direction of the ray (the direction of the propagation of the wave)
and the x-axis make an acute angle. (Let us again note that the system of local axes
X; ¥5 2, in Fig. 2.2 is right-handed). The solid line corresponds to a P-wave, dashed

INCIDENT
WAVE
\ z
|
| X
Syl -
BN~ RN Y
RN A RN
P1P1 P1S1

8 Rs N\ s1s2
! ~
\ \j\\
Fig. 2.2 The types of reflection/transmission P-SV coefficients Ry, i = 1, 2, ..., 8. It is assumed

that the positive direction of the ray and the x-axis make an acute angle. The arrows determine
positive direction of the displacement vector

line to an SV-waveé. The arrows determine the positive direction of the displace—

ment vector. In other words, they correspond to the unit Vector np and nsv,
respectively, see (2.50).

The formulae for the P-SV reflection/transmission coefficients can be found in
many books and papers. Their definition, however, is often different from that
given here. The reflection/transmission coefficients as they are introduced here are
so-called “displacement coefficients”. They give direct the ratio of a principal
component of the displacement vector of a reflected/transmitted wave to any
principal component of the displacement vector of the incident wave. Some
authors have introduced so-called “potential coefficients™ or “energy coefficients”.
They differ from our definition by certain simple multipliers.
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Other comphcatlons are often caused by a dlﬁ'erent deﬁmtxon of the unit vector

nsv, ie. by the different definition of the positive d1rect10n of the displacement
vector of SV waves. These differences lead to opposite signs for certain PS SP

L= =

‘and SS reflection coefficients. The definition of unit vectors np, nsv and nSH as
introduced here is mainly convenient when calculating seismic body waves in
laterally inhomogeneous media with curved interfaces. For example, in a two-

dimensional medium, the unit vector ;sv is perpendicular to the ray and is
pomtmg to the same side of the ray along the whole ray. This important property
remain valid even in the ‘case of an arbitrary number of reflections and transmis-
sions at interfaces of any form (vertical, dipping, hor1zontal) This is due to the

—_ —

fact that the system np, Psu, nsv is right-handed and that nSH is a constant vector,
perpendicular to the plane Ej;, which has the same direction at all point of
incidence.

The explicit expressions for the individual coefficients are as follows:

R1 = D-{g*p?P1PsP3sPs + 0102(frecaP1Ps — o1f2PePs) —
— 011 PaPsY? 4 0B P1PaX? — caotafifap?Z?y
Ro = 201pP1D-1(qPsPsY + a2feXZ),
R3 = 20101PAD Y2 P2 X + PLP4Y),
Ry = —2m01P1D-Y(qP:P3s — proeZ),
Rs = —2p1pP2D-YqPsPsY + a2f2XZ),
Re = D-1{g2p2Py PsP3P4 + 0109(c1foP2P3s — froeP1Ps) —
— 1f1P3PaY? + afaP1PaX? — oncafrfap?Z2},
Ry = 2p101pPoDH(gP1Ps — a1p2Z),
Rg = 2f101P2D e P3Y + aeP1 X) .-
Here
D = @®p?P1PsP3Py + 0102(froePiPs + a1f2P2Ps) +
+ 1fiPsPsY? + aafoP1PaX? + anoafrfep?2?,
and .
g =2eapi—f)y X=02—qp% Y=o01+9p% Z=02—— 9%
Py = (1—aip?)1/?, Py = (1 — Bip?)H2, Ps = (1 — agp?)/?, Py = (1 —pap?)i/2.
For p > 1/V;, we must take P; = -{—1(V2p2 — 1)1/2 where V1= a1, Vo= p1,
Vs= o3 Vi=fa. .
‘When the wave impinges on the mterface agamst the positive dlrectxon of the
x-axis (see Fig. 2.3), the signs of coefficients Re, Rs, Rs, Re. must be changed. The
reason is obvious from the comparlson of Figs. 2.2 and 2.3. The change of signs

consists in the opposite orientation of nsv unit vectors in both cases.
It should be again er'nphasiz‘e’d that the above int'rodu‘ce'd local coordinate

e

system ¥, v, %, the system of unit vectors np, nsﬁ, nsy and the system of corre-
sponding reflection/transmission coefficients are not the same as those introduced
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in other papers, e.g. in [53]. The reflection/transmission coefficients as introduced
here are especially suitable to computing amplitudes in laterally mhomogeneous
media with curved interfaces.

INCIDENT
‘WAVE
[ ¥4
|
Lo_X
\
R1\/ Rz‘)\\/
P1S1

/ \ /
R 5\//& R 6 ‘)\\1/\

S1P1 S151
/ /
R 7 //&A R 8 /'\\

ya
_4 S1P2 /\/ s1s2#

Fig. 2.3 The types of reflection/transmission P-SV coefficients R;, i = 1,2, ..., 8. It is assumed
that the positive direction of the ray make an acute angle with the negative direction of the x-axis.
The arrows determine the positive direction of the displacement vector

b) P reflection/transmission coefficients at the interface between two liquids

The above formulae can be used for liquid-solid interfaces, when we put ;1 = 0
(with B2 #0) or f2 =0 (with p1 % 0). For liquid-liquid interfaces, however,
-the formulae are not suitable. In this case, we have only two coefficients, the coef-
ficient of reflection R; (P1P1) and the coefficient of transmission Rz (P1P2), since
shear waves do not exist. The coefficients are given by the formulae

= D_1(92°‘2P1 - Q1“1P3) 5 Ro = 2010 P D1,
where D = goxaP1 + g1004P3.

The other symbols are of the same meaning as in the case of P-SV coefficients.
When the wave impinges on the interface against the positive direction of the
x-axis, the above formulae for R, and Rs remain the same.
c) SH reflection/transmission coefficients
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For SH waves, the direction of the displacement vector is perpendicular to the

plane of incidence | , and is specified by the unit vector nsg, see (2.50). We have
again two coefficients, the reflection coefficient R; and the transmission coefficient
Rs. The formulae for R; and R; are as follows

= DY o11P2 — 02P2Ps) » Ro = 2p161P2D 1,
where D = 011Pz + 02f2P4 .

The other symbols are of the same meaning as in the case of P-SV coefficients.

When the wave impinges on the-interface against the positive direction of the
x-axis, the above formulae for Ry and R remain the same.

d) Reflection coefficients at a free surface

A special case of the interface is the free surface (the surface of the Earth). The
reflection coefficients at a free surface have a simple form. Assume that the second
medium is a vacuum (g2 = 0). Then we have only four reflection coefficients,
R, (P1P1), R; (P1S1), R3 (SlPl) and R4 (S1S1). They are given by the formulae

Ri = D{—(1 — 283p?)2 + 4p?PrPoflos"} ,
Rs = —4ppPi(1 — 26:p%) D1,
Rs = 4pfioi'Po(l — 28p%) D2,
Ry = D{—(1 = 21p?* +. 4P2P1P251“11} >
where D =1~ 2/31p2)2 + 4p2P1P2/31a1 .
The function D is called the Ray1e1gh function, see also formula (6.2).

- When the wave impinges on a free surface against the positive direction of the
x-axis, the signs at reflection coefficients Rz and R3 must be changed.

Let us note that for the reflection coefficient of P waves at the surface of a liquid
we have Ry = —1, for the reflection coefficient of SH waves at a free surface
Ri=1 :

e) Conversion vector and conversion coefficients

A very common situation in seismology is that the receiver is situated at the
surface of the Earth. The formulae of Sec. 2.6 must be slightly modified in this case. .
It is necessary to consider not only the-incident wave, but also the waves generated
at the free surface, viz., the reflected waves. These waves interfere with the incident
wave; the displacement vector of the interference wave is, of course, different from
the displacement vector of the incident wave. To obtain the expressions for this

. —
interference wave, it is convenient to introduce the so-called “converison vector q*.
For the incident P wave, the conversion vector is given by the relation

—q—>— np + .Rlnp + Rznsv
Snmlarly, for SV wave, we have

-
q —-"sv + Rsﬂp =+ R4"'sv
Let us note that the conversion vector is not a unit vector. The displacement
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vector of the interference wave at a free surface is then obtained very simply from
the displacement vector of the incident wave: we only replace the unit vector in
the direction of the displacement vector. of the incident wave by the converison

vector q For example, in formula (2.29) we replace T by q in the case that the
receiver is situated at the Earth’s surface.

The x- and z-components of the conversion vector, denoted by ¢, and ¢, are
called the conversion coefficients. They correspond to the Jocal coordinate system.
The conversion coefficients are given by the formulae:

i) Incident P wave: - =

o = APPippD 1, : = —2P(1— 261 D
ii) Incident SV wave: ’ ’
gs = 2P3(1 — 26ip?) D1, qz = 4/31“1 pP1P:D .

Here D is again the Raylelgh function given above

When the wave impinges on the free surface against the positive direction of the
x-axis, the sings of conversion coefficients G for the incident P wave and g, for the
incident SV wave must be changed. .~

For SH waves, the conversion coefﬁc1ent is always 2, for P waves in liquids
4z =0, ¢ = —2P;. : <

The conversion coefficients may also be applied when the Earth’s surface is
curved, as they correspond to the local coordinate system. Of course, they can be
easily transformed into any general coordinate system.

2.7.4 LEADING TERM FOR MULTIPLY REFLECTED
WAVES IN MULTILAYERED MEDIA

Let us denote for a while any prihcipal component of the incident Waae at the
point O by UI(O), see Fig. 2.4. This component corresponds to the direction

of the unit vector np in the case of P waves, to nsv in the case of SV waves and

to ng Sy in the case of SH incident waves. Snmlarly, we denote any principal com-
ponent of a reflected or transmitted Wave at O by UR(O) Again, UR(O) corre-

—_

sponds to one of the unit vectors n%, nsv or nSH, see (2.50). Of course, P and
SV waves generate only P and SV reflected and transmitted waves, SH incident
wave generates only SH waves. It was shown in the preceding sectlon that
UR(O) can be computed from UZ(O) as follows

(2.51) - UX0) = RUY0),

where R is the approprlate reflection/transmission coefficient. _

Using formula (2.51) together with the formulae of section 2.6, we can compute
the leading term of any type of multiply reflected waves in a three-dimensional
laterally inhomogeneous medium with curved interfaces. Certain complications
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in computations are caused by the function ¥. The problem of the computation

of ¥ will be discussed in greater detail in Chap. 3. Other complications in the

computation of the leading term are caused by the rotation of the displacement

vector of S waves along the ray in the case of a non-zero torsion of the ray. Along

the ray of an S wave, we can compute the components U2 and U¢ (corresponding
—_

to the unit vectors n, l?) using formulae (2.32). At the point of incidence ofan S

M, REFLECTED

WAVE

NCIDENT M.
WAVE

INTERFACE -

TRANSMITTED
M WAVE

Fig. 2.4 Reflection and transmission at a curved interface

wave, however, we must determine SV and SH components from UZ and Ug,
and only after this arrangement can we use formula (2.51). Therefore, it is not
simple to write in a compact form the final expression for S waves and converted
waves in a three-dimensional laterally inhomogeneous multilayered medium with
curved interfaces, the best method is to solve the problem successively, step by
step, following the ray from the source to the first interface, and then from one
interface to another, and applying the formulae of section 2.6 together with (2.51)
at each step.

In certain cases, however, the situation is considerably simpler. We shall write
compact formulae for two such situations.

a) P waves in a three-dimensional multilayered laterally inhomogeneous medium.

For P waves, the formulae are very simple even in the case of three-dimensional
rays with non-zero torsion.

Assume that U? is known at any point of the incident ray, say at Mo. We wish
to compute UR at the point M, lying on the reflected (transmitted) ray, see Fig. 2.4.
Using (2.30") for both incident and reflected (transmitted) wave, we have

o | €(0) x(0) F(O)]12 o(Mo) a(Mo) J(Mo) |22
UsM) = [Q(M) a(M)}’(M)] R[ 2(0) «(0) (0) ] UlMo) -
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Here ¢'(0), «'(O) and §(O) denote g, « and J at the point O on the side of
generated wave. The above formula can be simply rewritten to give

Mo) «(Mo) F(Mo) ]”2 [9’(0) «(0) 3"(0)]”2
252)  URM) = UM [9( R :
(252) UMD = UM | % oary o) ) 2(0) «(0) 7(0)

It is simple to generalize this formula for an arbitrary number of interfaces. We
shall call the layer in which the point My lies the 1st layer, and the other layers
succesively the 2nd layer, 3rd layer, ..., (N+1)th layer, following the ray of the
P wave under consideration, see Fig. 2.5. Note that the same layer may be encoun-

M

0
Fig. 2.5 Ray of an elementary reﬁsected wave in a multilayered medium

tered several times, depending on the number of times the wave under considera-
tion passes through it. We denote the points at which the ray strikes individual
interfaces by O1, Oz, ..., On, and the interface on which the point O; lies by
S;. (The same interface may again have different symbols S; along different
segments of the ray, if the wave is reflected or transmitted more than once on it.)
The interfaces need not be continuous along the whole profile, but they must be
smooth in the neighbourhood of the points Oy, j = 1,2, ..., N. Then we obtain
from (2.52) for the principal component Uj(M) of the multiply reflected P wave
the following formula

ure g ] OMo) a(Mo) HM) TU2 N [0/(0)) a(0)) F(05)] 12
(2:53) Us(M)= U°<M°)[ o) o(B) 50 ] IR [ 2(05) a(oj)ﬂof)] :

i=1
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Here R; denotes the appropriate reflection/transmission coefficient at the interface
S; at the point Oy, 0(Oy), «(O5) and J(O;) are takenat the point O; on the side
of incident wave, 0'(Oy), @'(Oy), F(O;) at the side of the generated wave.

Formula (2.53) can be easily rewritten to include the source of the wave under
consideration. Assume that a source is situated at the point Mo. Then formula
(2.53) reads

v Y y2) N 0'(0y) «'(0y) F(0y) 12
(254 Ui = toeatyaldt) FAOP™ ;2 B[SO

see also (2.30). Here w(y1,y2) is an arbitrary function of ray parameters y1, y2
which is constant along a ray. For a linear and a point source see formulae (2.40)
and (2.41).

Formulae (2.53) and (2.54) can be further simplified when we take into account
that

(2.55) ~ J(05) | XOg) = cos 9} | cos 95 5
where @; is the angle of incidence at O;, ¢ the angle of reflection (transmission)
at the same point, see [53].

To obtain the final expressions for Uj in the case of a point (or linear) source

we insert (2.40), (2.41) and (2.55) into (2.54). The final formulae are as follows:
a) Point source:

(2.56) UHM) = g(do, po) VOIL .
b) Linear source: ' |
(2.57) UXM) = g(80) VOIL .

Here g(d0, po) and g(do) are directional characteristics of the source, the other
quantities have the following meaning:

(2.58) V=[ 2000 ]”2 I [M]lm, Q=ﬁ[ Ry,

M) e(M)] =1l e(05) «(05) j=1
[ ]1/2 N [cos By ]1/2 = v ¥ [cos Dy ]1/2
L= [ sin o ,-El cos 93] L= L}(M)] ,-El cos¥']

The quantities L and T are again called the geometrical spreading. The quantity

N
II (cos &/cos #;")1/2 represents a compensation of discontinuity in the function ¥
i=1 . . ' . . . .

across an interface. In this way, the function L, as given by (2.58), is a continuous

function along a ray. Formulae (2.56) and (2.57) are very convenient for computa-
tions as the influence of individual factors is separated. :

¢) Arbitrary multply-reflected wave in a two-dimensional medium.

Assume now that the velocity does not depend on one coordinate, say y, and
that the whole ray lies in the plane (%, 2). In other words, we assume that the torsion
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of the ray is zero along the whole ray and that the normals to the interfaces S; at

points O; (j= 1,2, ..., N) lie in the same plane. The unit vector nsg is in the
direction of the y-axis, and the SV and SH components of shear waves are not
coupled to each other. We may, therefore, consider them as two separate waves.

. In this case formulae (2.53), (2.54), (2.56) and (2.57) can be used not only for P
waves, but for an arbitrary converted multiply reflected wave, with some P
segments and other SV segments. We must, of course, make appropriate changes
in notations. Similarly, the same formulae can be used to compute an arbitrary
multiply reflected wave of SH type.

2.7.5 KINEMATICALLY ANALOGOUS WAVES.
GENERALIZED MULTIPLE REFLECTIONS

In a horizontally layered medium composed of homogeneous horizontal layers,
a whole series of multiple reflections is generated. These multiply reflected waves
can be divided into groups in which all the waves have identical kinematic pro-
perties. For example, all the waves of one group display identical travel-time curves
and the same geometrical spreading. That is why these groups are called groups
of kinematically analogous waves. There is no point in studying individual elemen-
tary waves within a given group independently of one another. Only the whole group
is of physical significance, because it cannot be divided into individual waves by
any means. Therefore, the whole group forms in fact one wave which will be called
here a generalized multiple reflection. '

Properties of generalized multiple reflections are studied in some detail in
[44, 77, 132, 149], where other references are given. Here we shall only mention
the most important conclusions. We shall consider here only compressional waves,
for converted waves the formulae for the amplitudes of generalized multiple
reflections have not yet been found. Of course, the results may also be applied
to pure S waves. For simplicity, we do not discuss the head waves here, the in-
terested reader is referred to [44, 77]. We assume that both the source and the
receiver are situated in the first layer, very near to the Earth’s surface. It is not
difficult to generalize the results for an arbitrary position of the source and the
receiver, see [132].

First we introduce a so called kinematic code of the wave under consideration.
The ray of an arbitrary elementary multiple reflection can be described by the
quantities .

(2.59) V - (K; .713 Jos o .7K) > or briefly (K3 f),

where ¥ is a K-dimensional vector, K represents the number of layers in which
the ray is located, ¥; is half the number of elements of the rayin the 7-th layer.
It is easy-to see that there is a whole series of multiple reflections with this code.
For example, there is a total of 18 elementary multiple reflections with the code
(35 3, 2, 2), see Fig. 2.6. ‘It is easy to show that the number of elementary multiple
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reflection N within a generalized multiple reflection specified by the kinematic
code (K; J)is :
K—

m!
—_ R
N = 11__11 C¥#y.—1 >  where Cr = =l

We can check in Fig. 2.6 that the number of elementary waves with the code
(3;3,2,2)is N=C;.C;=18.

W W
A Y B B WY A
W W W
Wt A S W W W

Fig. 2.6 Elementary multiply reflected waves with a code (3; 3, 2, 2)

It was shown in [44] that the amplitudes of a generalized multiple reflection
can be computed by means of the formulae for the amplitude of any elementary
multiple reflection which forms it, only the formula for the function Q must be
changed, see (2.58). The formula for Q valid for a generalized multiple reflection
is as follows ‘

K
Q = {I()Ri 5 Ro = B‘gl_l 3 Rx = AI'ZK
Fi—1

(2.60) R; Z C.ﬁ C?t+1—1 AMB]ZH_ﬁ-FM(D-‘-D )ﬁ
M;= Max(O }z _71,+1), z=1,2,...,K—1.

Here A; is the coefficient of reflection at the i-th interface from above, B; the
coefficient of reflection at the i-th interface from below, D; and D; are the
transmission coefficients at the s-th interface, the former referring to the wave
propagating downwards, the latter to the wave propagating upwards. The value
of By corresponds to the reflection from the Earth’s surface (from below).

The above formulae can be used in a number of applications, see [44, 132]. It was
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shown in [44] that the amplitude-distance curves of generalized multiple reflec-
tions are of oscillatory character at large epicentral distances. This oscillatory
character of amplitude-distance curves is caused by the mutual interference of
elementary waves within the group of kinematically analogous waves and is con-
tained in the above formula for Q. The formulae are also of considerable importance
in constructing theoretical ray seismograms for a horizontally layered medium,
see Chap. 4.

It should be mentioned that the generalized multiple reflections are important
only in media, where the velocity depends on one coordinate only, such as horizon-
tally layered media. In media which are laterally inhomogeneous, or which contain
curved or dipping interfaces, the kinematic properties of the elementary waves
within the generalized wave are not the same with the exception of certain special
cases of symmetry. For this reason, the simple formulae given above cannot be
used for the amplitudes of the generalized multiple reflections. In computing the
amplitude one has to consider the individual elementary waves, one after another.

2.7.6 HIGHER TERMS OF THE RAY SERIES. HEAD WAVES

As shown in preceding sections, the leading term of the ray series has a very
simple physical interpretation. Its amplitude varies in accordance with the law
of conservation of energy within a narrow ray tube. In other words, the energy
of seismic waves flows only along the rays, and does not penetrate through the walls
of the ray tube. ‘

It should be emphasized that the law of conservation of energy flux along the ray
does not hold in general, but is applicable only in the zeroth approximation of the
ray theory. It does not hold for higher terms of the ray series. The properties of
higher terms of the ray series are more complicated. They are investigated in some
detail in [156].

A simple and well known example of “higher order waves™ are the head waves.
The origin of head waves is connected with the wave which propagates along
a plane interface (its ray is strictly parallel to the interface).

We shall not present here an exhaustive theory of head waves, the reader is
referred to the monograph [53] for detailed treatment. Here we shall give only
a simple example. Let us consider, for simplicity, a compressional wave (2.45)
incident at a plane interface between two homogeneous liquid halfspaces with
oy < ag, see sections 2.7.2 and 2.7.3. Let us assume that the wave front of the
incident wave is curvilinear. (The head wave does not arise when the incident wave
front is not curved.) As it was shown in section 2.7.2, the angle of transmission
of P waves 93 is connected with the angle of incidence o by Snell’s law,

sin P9 = n sin 93,
‘where 7 = azfas is the index of refraction, see (2.49). When o1 > a2, the angle
93 is real for any real angle of incidence @, 0 < @0 < jm. For o < ag
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however, the angle of transmission #3; is complex for certain real angles of
incidence . Let us introduce the “critical angle” 5 by the relation

sind; =n = oufaz.

When the angle of incidence is less than the critical angle, 99 < ¥;, the angle of
transmission @3 is real, see Fig. 2.7 A. For %, > 93, the angle of transmission
is complex. In a limiting case, when the angle of incidence equals the critical angle,
~ the ray of a transmitted wave is parallel to the interface, #3= 4, see Fig. 2.7 B.
The corresponding ray of a reflected wave (with the angle of reflection 9;) is called
the “critical ray”, see the dashed line in Fig. 2.7 B.

We can construct elementary ray tubes of transmitted waves corresponding to
93 < 3r and 93 = iw, see Figs. 2.7 A and 2.7 B. In the case of critical

\

| .
|
D! | /
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i o

Fig. 2.7

incidence (9o = 9%), the ray tube of transmitted wave is parallel to the interface.
There is a small amount of energy which leaves the ray tube through the walls of
the ray tube. This energy penetrates across the interface back to the first medium
and forms the head wave. According to Snell’s law, the ray of the head wave again
makes the critical angle ¢} with the z-axis, see Fig. 2.7 C. It is clear from the
above explanation that the head wave does not exist at small epicentral distances,
it exists only beyond the critical angle.

The generation of head waves can also be s1mply mterpreted in terms of wave
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fronts, see Fig. 2.7 D. The wave front of a transmitted wave (3) beyond the point
O* propagates along the interface with the velocity «s, while the velocity of
propagation of incident and reflected waves along the interface is «1/sin $o < a.
Thus, the wave front of the transmitted wave (3) propagates independently, and
is more advanced than the wave fronts of incident (1) and reflected (2) waves, see
Fig. 2.7 D. Therefore, points on the interface between the wave fronts of trans-
mitted and reflected waves will become new centres of disturbances propagating

N -
A\ J\_ ] A
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A /
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Fig. 2.8 Two head waves (see B, C) corresponding to the multiply reflected wave shown in A

back into the first medium (consistently with the interface conditions). These
disturbances form the head wave. Its wave front is conical (4), as the velocity
of the wave front of a transmitted wave along the interface is constant. Along the
critical ray, the wave fronts of a reflected wave and a corresponding head wave are
tangent to each other. It should be noted that the wave field along the critical ray
is singular and the ray theory cannot be used in the close vicinity of this ray. More
details are given in section 7.1.2.

Formally, the ray of the head wave can be constructed from the ray of the
corresponding reflected wave by adding one element of the ray along the interface,
in the medium with higher velocity (compare Figs. 2.7 B and 2.7 C).

We shall not derive here the expressions for the amplitude coefficients of the ray

43



series of the head wave. We would only again emphasize that the head waves are
of the first order. In other words, the zeroth term of the ray series for head waves

vanishes (assuming 173 4 0 for the incident wave).

Detailed derivation of the expressions for the amplitude coefficients of the ray
series for head waves can be found in [53]. The monograph [53] also deals with
more complex types of head waves, such as head waves in multilayered solid media,
converted head waves, etc.

As was shown earlier, we can construct the ray of a head wave corresponding
to any reflected wave (including multiple reflections) by adding one element of
the ray along an interface. As an example consider an elementary multiply reflected
wave described by the code (3; 3, 2, 2), shown in Fig. 2.8 A, see also section 2.7.5.
When the velocity in the fourth layer is higher than the maximum velocity in the
overburden, we can construct two rays of corresponding head waves, see Figs.
2.8 B and 2.8 C. It should be noted that head waves with more than one element
of the ray along the interface cannot exist [53]. Therefore, Jx elementary head
waves correspond to any multiply reflected wave specified by the code (K 1,
F2 ... Jx), see (2.59). The horizontal ray element may be added at any point
where the ray of the multiple reflections is incident at the K-th interface, i.e. in the
whole at ¥x points. In our case, we have Jx = 2, therefore we have 2 head waves.

Consistently with the multiple reflections, we can introduce a generalized head
wave specified by the kinematic code (K; J), see (2.59). The generalized head
wave is the group of kinematically analogous head waves corresponding to all
elementary multiple reflections described by the code (K; f). The number of
elementary head waves N* within a generalized head wave specified by the kine-

matic code (K; ¥) is
K—1

Ji
N* = jk 'I_Il C.?'z?t}}]tﬂ—l >
i=

as shown above. Thus, the generalized head wave specified by the code (3; 3, 2, 2)
contains 36 clementary head waves. For the displacement vector of the gen-
eralized head wave we can write relatively simple formulae, similarly to the general-
ized multiple reflection, see section 2.7.5. These formulae can be found in [44].

2.8 FINAL EXPRESSIONS FOR THE LEADING
TERM OF A NON-STATIONARY WAVE

The formulae for the leading terms of the ray series are given by (2.29) in the case
of P waves, and by (2.31) for S waves. We have seen that the expressions for S
waves are slightly more complicated than those for P waves due to the rotation
of the displacement vector of the S wave around a ray in the case of T = 0. There-
fore, we shall consider here only P waves, the applications to S waves are straight-
forward.
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We shall not investigate here the displacement vector l_i, but only its components
to the Cartesian coordinate axes, U,, Uy, U,. These components can be directly
used in practical applications. Let us choose one of these components, say U..
The results will of course apply mutatis mutandis to the other two components,
U, and Uy. From (2.29) we have

UM) = Uy(M) Fot — 7) 22

where . is the z-component of the unit vector t along the ray. When the receiver
is situated at a free surface, £, must be replaced by the appropriate conversion
coefficients g., see sec. 2.7.3.

We shall call the value Ujz, the complex amplitude of the z-component of the
displacement vector. We introduce real functions A, and y, by the relation

(2.61) Az == [Ugtzl Py Yz = arg (U(}tz) 5

so that Ult, = A, exp(iy;). When the receiver is situated at the Earth’s surface,
the values of £, must be again replaced by the conversion coefficient g.. We shall
call A, theamplitude and y, the phase shift. (Infact, 4, is not an amplitude in
the usual sense of the word, as the function F, is not harmonic and the maximum
value of Fy is generally different from unity.)

The displacement component U, is generally complex. Since only the real
part is the physically meaningful field, we shall consider only the real part of it,
see section 2.1. Then we obtain :

U.(M) = Re {4, ei*: Fo(t — 7)}.
We now introduce a function fo(z; y) by the relation

(2.62) Jo(zs ) = fo(z) cos y — go(z) siny ,
where go(t) is the Hilbert transform of fo(z), see (2.6). Using (2.5), we obtain
finally for U,

(2.63) Uz(M) = Azfo(t— T, 'l/)z) .

This is the final formula for the leading term of the ray series, more specifically
for the z-component of the displacement vector of P waves. Quite similar formulae
can be obtained for the displacement components of S waves. ‘

The amplitude A, and the phase shift v, can be simply computed, for various
models of media and various types of waves; by formula (2.61) and the formulae
given in section 2.7.4. As an example, let us present the formulae for the amplitude
A, and phase shift vy, of the vertical component of any compressional multiply
reflected P wave generated by a point source in a multilayered laterally inhomo-
geneous medium with curved interfaces. The receiver is situated at the Earth’s
surface, the torsion of the ray may be arbitrary. Then we have

(2.64) Az = V-1(00, p0) QgL 7|, v, = arg(g(do, po) QgL 7).
Here g is the directional characteristics of the source, L is the geometrical
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spreading, see (2.58), 'g. is the appropriate conversion coefficient (see section
2.1.3), Q and V are given by (2.58).

We can see from (2.63) that the computation of the leading term of an 1nd1v1dual
non-stationary wave consists of three steps.

a) Computation of 7(x;) and of other quantities connected with 7(x;), such as
rays, travel-time curves, wave fronts, etc. This is called a kinematic part of the
problem.

- b) Computauon of the amplitude A, and the phase shift .. This is called
a dynamic part of the: problem. This step consists in: i) Computauons of geo-
metrical spreading L or L, ii) Computation of the product of reflection/transmis-
sion coefficients at intermediate interfaces Q, iii) Computation of the directional
characteristics of the source, g(do, po) for a point source or g(do) for a linear
source, iv) Computation of conversion coefficients ¢, or components of the unit

vector pointing in the direetion of the displacement vector (e.g., B at the point
of the receiver, v). Computation of the value of V, see (2.58).

c) Computation of the form of the signal, fo(z; v.).

The kinematic and dynamic part of the problem will be discussed in some deta11
in Chap. 3, and the computation of fo(z; v.) in section 2.9.

29. DETERMINATION OF THE FORM OF THE SIGNAL

We shall assume that the form of the signal of the wave under consideration is
known at a point of the ray = = 7o. We shall denote it by f(¢). In the case of a
point source, the function f(z) may represent, for example, the source time
function. As the wave progresses along the ray, the form of the signal f(z) remains
the same only if 9 = 0 (or if 9 does not change). As soon as the phase shift
changes, the form of the signal also changes. The changes in 9 may be caused by
complex reflection coefficients, by touching the caustics, etc. Thus, the form of
supercritical reflection is different from that of an incident wave, the form of the
wave leaving the caustics is different from the form of the wave approaching the

caustics, etc.
To compute f(z; ¢) when f(z) and v are known is not difficult. First we must

evaluate the Hilbert transform of f(z), denoted by g(z). The Hilbert transform
may be evaluated in three ways:

i) In the time domain, using formula (2.6). We must remember that the integral
(2.6) is a Cauchy principal value. Certain not substantial difficulties in computations
are caused by the singularity ¢ = ¢. The method of computation based on formula
(2.6) gives very good results, even in the case of a discontinuous function f(z) (or f(z)
with discontinuous derivatives at certain points) It is, however, rather time
consuming [55]. For sampled functlon f(t), an effecuve Way to compute g(t) is
suggested in [143]. :

46



ii) In the frequency domain. When the spectrum of f(z) is S(w), the spectrum
of g(z), Hilbert transform of f(z), is isgn(w)S(w). The computer algorithm to
compute Hilbert transform using fast Fourier transform is very simple and rather °
fast, see [109]. In the neighbourhood of discontinuities or discontinuous derivatives
of f(z) itis less exact than 1i). '

iii) Approximate computations. For certain important source time functions
f(r), simple approximate formulae for g(z) can be derived. We shall present an
example, which has proved to be extremely fast and useful. We consider a three-
parameter function f(zr)

(2.65) | f(t) = e—@mm*® cos 2rfut + ),

with parameters fu,y,». For large y we obtain approximately [41]
(2.66) g(t) ~ — e—@nful®® sin (2nfyt + v) .

This gives a very simple formula for f(z 5¥), see (2.62):
(2.67) (85 ) ~ e—@fuin®® cog 2rfyt + v —1y).

Note that the value of fir gives approximately the prevailing frequency of the
signal. The shape of f(z) for various y and » is given in Fig. 2.9. For » = 0, we
have a symmetrical impulse, for » = }n.or » = —%n an antisymmetrical impulse.
For general values of » the function f(z) does not display any symmetry. For
small y we have a short, delta-function-like impulse, for larger y-the impulse has
an oscillatory character. The impulse (2.65) was investigated in a large detail
in [22]. It was shown there that the theoretical impulse (2.65) with proper para-
meters fu, y, v can simulate with good accuracy many real wavelets observed in
seismic prospection and in the crust studies.

The accuracy of formula (2.66) may be assessed with the a1d of Flgs 2.10 and
2.11. They give a comparison of the accurate values of the Hilbert transform g(z)
with the values determined by the simple formula (2.66). In Fig. 2.10 we consider
v =0 and in Fig. 2.11 » = }=. Both the figures give graphs for y = 2,3,4,5
and 6. The function f(¢) is in each case in the left-hand column, in the right-hand
column the heavy line represents the accurate values of g(¢), the values determined
approximately from (2.66) being represented by the dashed line. Figures 2.10 and
2.11 clearly indicate that for y = 4 the approximate formula (2.66) yields results
which are so accurate that they do not practically differ from the plotted exact
values. It is, therefore, possible to use formula (2.66) to compute the Hilbert
transform of the function (2.65) for y > 4 quite safely.

It should be noted that the above mentionéd approximate formula for Hilbert
transform (2.66) has been used by one of the authors for the computation of
theoretical seismograms for a Iong time with satisfactory results [48]. In its appli-
cations to ray theoretical seismograms we must only remember that the “zero”
time corresponds to the middle of the impulse, see Fig. 2.9, not to the first arrivals.
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Thus, the impulse is slightly shifted in time in comparison with certain other
similar impulses, such as Miiller’s impulse [127].

All the above formulae in this section apply only to the zero order approximation
of the ray theory. However, the computation of functions Fy({) for 2 > 1 in the
ray series (2.3) is easy, when Fo({) is known. From (2.4) we have

Fi() =_L Fo(x) dx, Fy0) = L Fyx)dv = l dn L Fo(x) dx,
etc. From this, we can write the following formulae for f; and g,
5@ = | fo) d, £1©) = | ) d,
£:0) = | i) v, 20 = | o),

for &k > 1.

Now we shall present approximate formulae for F, applicable when the ampli-
tude spectrum of fo({) is very narrow, with the pronounced dominant frequency
w*. Then, we obtain approximately from (2.8),

Fiy(§) ~ (—ia*)*Fo(C) .
From this we obtain the following formulae for f; and gy,
Jar(8) ~ (—1)F(w*) 28 fo(L) ,- o gu(D) ~ (—1Fw*-2Egy((),
Sor1(8) ~ (—1)etl*-26-1gy(7), gar1(8) ~ (—1)e*~26-1f(7) .

2.10 RELATION OF EQUATION
OF MOTION TO WAVE EQUATION

Let us again consider the equation of motion (2.1) and investigate it in the frequency
domain, for simplicity. Assume the time harmonic displacement vector in the
form

(2.68) Ui, 2) = (i, ) exp(—io?) .
Then (2.1) reads

(2.69) (A+m) V(V. u) + uV2u + VAV . U) + Vi X (V X 0) +2(Va. V) 1t +
+ ngﬁ =0.

When 4, 4, ¢ do not depend on position, the equation (2.69) can be . transfor-

med into two scalar Helmholtz equations for the potentials of longitudinal and

transverse waves. For inhomogeneous media, the separation is not possible.

However, when we are interested only in the leading term of the asymptotic
solution, this separation can be obtained, even in the case of inhomogeneous
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media [125]. Assume that o is a large parameter with respect to all the other
quantities of the same dimensionality (e.g., ® >>|Va|). Then the solution of
(2.69) can be written in the form

(2.70) Uiy @) = € EQ(xi, @) -
We assume that the factor exp(iwt(x;)) changes substantially faster with respect
to spatial coordinates than a(xi, o) in the following sense

|V exp(iow(x:))l >V . Q(xs @)| -
In this case the separation of the equation of motion (2.69) into two Helmbholtz
equations is possible, with accuracy becoming arbitrarily good as @ — co.
We can write

2.71) u = (up + us) (1 + O(w9)),

where « > 0. For example, for the ray solutions « = 1, for waves in shadow
zones « = }, for the inner waveguide « = }, see [125]. '

- -
The functions up and us are given as follows

@72) up = Vo, us = rot(yf) »
where ¢ and  satisfy the scalar Helmholtz equations
(2.73) V2p + (wfa)2 g =0, Viy + (0/f)2y =0.

The function F is given by the formula

(2.74) F= aVrs — nsin @ — bcosO.
Here a is an arbitrary coefficient, @ is the angle characterizing the torsion of the
ray, see (2.34"), n and b are again the unit normal and unit binormal with

-
respect to the ray. The expression for us can then be written as follows

(2.75) s = w1y (ncos © — b sin ) + O(y).

The values of « and B in the Helmholtz equations (2.72) are, of course,
functions of coordinates. More details and the proof of the above statement can be
found in [125].

The above asymptotic properties have very important implications. The number
of problems solved for Helmholtz equations is substantially larger than that for the
elasto-dynamic equations. All these solutions can be applied to the leading term of
elastic waves. This applies also to the problems which cannot be solved byastandard
ray theory, such as caustics, shadow zones, waves of whispering gallery, waves
in waveguides, surface waves, etc. The method was applied to investigate the
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diffraction of elastic waves at a curved smooth interface between two inhomo-
geneous media in [124].

2.11 LOCAL PRINCIPLE

The local principle was first suggested by V. A. Fock [62], then it was developed
by J. Keller [86], V. M. Babich [11], and others.

Let us consider a time harmonic source situated at My or a wave front Sy of
an incident wave. Let the receiver be situated at a given point M. Let us construct

Fig. 2.12

all possible rays from Mo (or from So) to M, which are in agreement with the
Fermat’s principle. We assume that the number of these rays, denoted by m, is
finite (it may also be infinite, but numerable). We numerate individual rays by j,
J=1,2,...,m. Finally, we assume that w — oco. The hypothesis, called the local
principle, can be formulated in the following three points:

1. The wave field at the point M can be described by the sum of expressions
(M, w), corresponding to various ray paths:

 u(M, o) =]§1 w(M, @) .

2. Each of the individual expressions, #;(M, w), can be written in the form
w(M, ) = A;(M, w) exp (v DM, w)) .
Here A; and @; are real functions, and, for o — oo,
Dy(M, w) = (M) + o(1),
where 7; is the basic function of the Fermat’s functional.

3. The quantity %;(M, ») depends on the physical and geometrical parameters
of a medium only along the j-th ray and in its infinitely small vicinity.

Let us note that the literature does not give a proof of the local principle, not
even its generally accepted formulation. Its validity, however, has been verified
in all problems for which both the exact and asymptotic solutions are known.
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. Example. ‘

We shall consider the nnpenetrable mclusmn I with a boundary 81, situated
in an unbounded medium. The extremal of the Fermat’s functional from the point
My to-M-is constructed in a well known way, along ModoAM, see Fig. 2.12.
According to the local principle, functions A(M, ») and &M, w) do not depend
on the curvature of the whole' Si, but only on the curvature of Sy between Ao
and A. From this point of view, the 1nclus1ons with boundanes S1 and Sq (see
Fig. 2.12) are equivalent. ‘

The local principle is a very powerful means for the construction of asymptotic
formulae, mainly when it is used together with a known solution of the corre-
sponding sample problem. For an example of this approach see Sec. 6.5.

212 CERTAIN COMMENTS ON THE RAY EXPANSION
. AND ITS RIGOROUS JUSTIFICATION

In the time-harmonic case the ray series (2.9) has' é form of ‘the expansion in the
parameter -1, which has a dimension of time. This form of the ray series is very
useful as it permits to construct the solution of a very broad class of wave problems.
In any specific problem, however, the ray expansion is in fact an expansion in one
or more dimensionless parameters of the type Afl, where A is the wavelength
and 1 is a certain parameter of the length dimension, characteristic of the problem
under study. As an example, 1 may be the radius of curvature of an interface,
the thickness of a layer, the expression of the type «(x:) [ |Va(x:)l, etc.

The infinite ray series can be constructed only if the propagation velocities are
infinitely differentiable and the interfaces infinitely smooth. In applications,
however, we deal only with the finite number of terms of the ray series. Therefore,
we require only the existence of a finite number of derivatives. Only those de-
rivatives are necessary which appear in the amplitude coefficients of the above
mentioned finite number of terms of the ray series.

In time-harmonic problems the ray series is generally divergent. In individual
special problems, which can be solved exactly, and also in some more complex
cases, certain estimates were obtained which prove that these expansions are
asymptotic. This means that the ray series can be used to compute approximately
the wave field by a summation of those terms of the ray series, the modulus of
which decreases with increasing k.. For o fixed, however, the required accuracy
cannot be generally obtained by increasing the numiber of terms.

In the time domain, when we investigate the propagation of non-stationary
waves, the situation is somewhat different: The ray series (2.3) can converge. The
convergence of ray series (2.3),in some neighbourhood of wave fronts was proved
in some cases (see [10, 297). Moreover, the convergence of certain modified ray
series.in the neighbourhood of “creeping wave fronts” (surfaces of first arrivals of
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the wave field in shadow zones) was proved for certain classes of problems with
cylindrical and spherical interfaces [32].

The following mathematical problem arises in connection with the ray expan-
sion. Assume that the time-harmonic ray series under consideration is asymptotic.
From this fact it does not follow that the difference between the exact solution
u(M, w) and the sum of N first terms of this ray series,

un(M, ) = exp (i) Ngt) (—iw) ™7 s (M) ,

is small. For w—oco and N fixed, we are able to make the discrepancy in the
equation under study and boundary conditions arbitrarily small. However, even
when the discrepancy is arbitrarily small, we cannot say that |# — uy| is small,

The problem of the mathematical justification of ray formulae consists in
rigorous proof (at theorems level) of estimates of the type

| — uy| < const w=-N-v

During the last 15-20 years many theoreticians have been interested in this prob-
lem. The ray formulae were justified in many very important cases, see [12, 36,
123], the necessary estimates were found for illuminated zones, up to boundary
rays, which separate the illuminated zone from the shadow zone. The justification
of the leading term of the modified ray series in the shadow zone has been given
recently, see [61]. However, in the problem of the justification of asymptotic
formulae remains still a large number of unsolved problems.

55






3

COMPUTATION OF RAYS,
TRAVEL TIMES AND RAY AMPLITUDES

3.1 GENERAL REMARKS

In this chapter we shall deal with the methods of computation of rays, travel times,
wave fronts and ray amplitudes of seismic body waves propagating in inhomo-
geneous media.

Ray tracing methods and computation of travel times are discussed in sec. 3.2.
The ray tracing systems can be applied to both P waves and S waves.

The computation of ray amplitudes is discussed in secs. 3.3-3.6. Main attention
is devoted to the problem of determination of the geometrical spreading L. Again,
the results of these sections can be applied to both P waves and S waves.

Very important problems of the parameterisation of the medium, numerical
description of waves (numerical codes), computation of the torsion of a ray and
problem of a two-point ray tracing are discussed in sec. 3.7.

Finally, certain numerical examples are presented in sec. 3.8.

We shall deal here with different types of media. If the velocities of compres-
sional and shear waves and density depend on all the three spatial coordinates,
we shall call the medium three-dimensional. If the mentioned quantities depend
on two spatial coordinates only, we shall correspondingly call the medium two-
dimensional. Finally, the medium in which the elastic parameters and density
depend on one coordinate only, say on the depth, will be called a one-dimensional
medium.

In'this chapter main attention will be given to the laterally inhomogeneous
media, i.e., to the two- or three-dimensional ones. The ray theory for one-dimen-
sional media is well described in a number of textbooks, see e.g. [19, 25, 33, 53,
71, 129]. Textbooks on seismology and wave propagation, however, usually
do not describe the methods of computation of rays and ray amplitudes in laterally
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inhomogeneous media. On the other hand, a large attention to these methods has
been devoted recently in various seismological journals and publications. The
bibliography contains a number. of papers describing the methods and presenting
numerical examples, €.g..[20, 34; 47, 79, 83, 108,112, 146, 154, 158]. A lot of other
references can be found in these papers.

3.2 RAY TRACING SYSTEMS

The basic equation for the computation of rays and travel times is the eikonal

equation. For the sake of brevity we shall use the symbol ; for the slowness vector
with components py, p2, ps instead of Vz (ie., p; = 0¢/0x;). Then the eikonal
equation reads .

B.1) pipi=1v2.

As the eikonal equations are essentially the same for both P waves and S waves,
the resulting formulae of sec. 3.2 will apply to both P waves (with v = «) and S
waves (with. v = ). ‘

It was mentioned in sec. 2.3.1 that the rays can be evaluated as characteristics
of the eikonal equation (3.1). In the following, the method of characteristics will
be used to find the ray tracing systems — the systems of ordinary differential
equations for rays. We shall present them in Cartesian coordinates. It would be
simple to rewrite the ray tracing systems in any curvilinear coordinates [156].

4 ) ‘ 3.2.1 THREE-DIMENSIONAL MEDIUM

The characteristics of the eikonal equation are determined by the system of six
ordinary differential equations of the first order, see [95];,

dxs - dpe dlnov

(32)

— 52 Lo v - o
& VP T4p axi 0 L23.
If we specify a chosen ray by its initial values , o -
(33) o fOl’ T = Tp- X; — (xi)o‘, pi= (Pz)O: Z = 1: 23 3 ]

(where (pi)o satisfy the relation (pi)o(pi)o = 2-*((xx)o)), We'can compute the
coordinates of points ‘along the ray (x; = xi(7)) and the components of the
slowness vector ‘along the ray (p; = pi(v)). In fact, we are not interested in the
components of the slowness vector themselves,-but'we need them during the
procedure of determining xi(7). The initial values (pi)o as well as the values
of p; along the ray are not arbitrary. They must satisfy the eikonal equation (3.1)
at corresponding points (x;)o resp. xi(r). - ¢ R

* Tt follows from the above considerations that one of the differential equations
for .p; can be replaced by the eikonal equation (3.1), which can be. solved, say,
for p3 in terms of p; and ps. A problem arises in-the specification of the sign
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of the square root ps = 4-(2-2 — p? — p3)1/2, but it will not be discussed here,
Thus, the ray tracing system (3.2) consists actually of five equations only.

It may be useful to write equations (3.2) in an-alternative form. The direction
of the ray can be characterized, e.g. by the polar angles ¢ and 6 (0 < ¢ < 2m,
0 < d < m),suchas ‘

34 pr=vlcospsind, ps=olsingsind, psz=o0lcosd.

The e1kona1 equatlon B.1)is then automat1cally sat1sﬁed and the ray tracing system
reads v
(3.5 . ‘ dxl/dr v cos @ sin b,
. . dxe/dr=ovsingsind,
~dxs/dr =wvcos 4, :
dp/dr = (1 sin <p — U3 COS <;o)/s1n 5
dé/dv = — (v1 cos ¢ + vz sin g) cos & 4 v3sin 4,

where v; = 0v/0x;. We can see that the ray tracing system (3.5) consists of five
equations of the first order. The system is singular for 6 = 0, and 0 = +m, i.e.,
when the ray is parallel with the axis x3. In this case we can 1ntroduce @ and. ¢
with respect to another axis.

 The initial conditions for the system (3 5) are very s1mple, ,

(36) : fOI‘ T = T0. (xz)o, Q= Qo , : (3—50

The values of (x:)o specify the 1mt1a1 pomt of the ray, ®o and 60 the initial
direction of the ray at (x:)o.

The ray tracing systems presented above can be used only in thé regions where
v(x;) is a smooth function of spatial coordinates, i.e., up to the point of intersection
of the ray with an interface of the first order. When the ray impinges on an inter-
face, certain quant1t1es of the above presented systems change drscontmuously
Thus, it is necessary to derive new initial conditions for the rays of reflected/trans-
mitted waves.

As the ray remams continuous across the interface, we need to determme only
the initjal values for p;, see (3.2), or for ¢ and &, see (3.5). When the incident
body wave impinges on the interface of the first order, two reflected (P and S) and
two transmitted (P and S) waves are generated. We choose one of them and then
mutatis mutandis, the results will be valid for other waves.

For the description of the interface we shall use the notation introduced in sec.
2.7. The quantities measured in the medium in which the chosen transmitted
(reflected) wave propagates will be denoted by waved symbols. Let v = T denotes
the point of intersection of the ray with the interface. Of course, we have different
values of T for different rays so that T = T(p, §). To simplify the notation
further we shall use capital letters to denote the quantities measured just at the
point of inciderice, = = T. Thus, we have at this point Xi; Xi, P, P, V, V. The
values of X;, Py, V and V are assumed to be known, the values of X; and BP;
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are to be determined. It immediatelly follows from the above considerations that
Xi = Xi({=1,2,3). The relation between P; and P; can be derived easily,
see e.g. [138]. It is given by the formula

(3.7 P,=Pi— N(A+ B),
where B
(3.7) A= PNy, B= (V-2 — V-2 4 422,

In (3.7) the upper sign corresponds to the transmitted wave, the Jower one to the
reflected wave. The square root for B in (3.7’) is taken positive. Because of the
assumed positive orientation of the normal toward the incident wave we have
A < 0. This condition can be used to determine & in the expression (2 47).

For the unconverted reflected wave, for which ¥ = V, the expression (3.7)
yields
(3.8) P;=P;—2N:4,

as B= —A in this case.

In the case of a transmitted wave or a converted SP reflected wave the value
of B in (3.7") can be imaginary, when V > V. Then, instead of an ordinary wave
we obtain an inhomogeneous wave, the amplitude of which decreases exponentially
with increasing distance from the interface. As we are not interested in inhomo-
geneous waves here, we shall assume V-2 — V-2 4+ A2 > 0, when we wish to
study the transmitted (reflected) wave characterized by the velocity V.

Thus, the initial conditions for the ray of a transmitted (reflected) wave at the
point of incidence can be written as follows:

(3.9) for t=T xi=Xi, pi=Di, [ =1,2,3.

It follows from (3.7) or (3.8) that the quantities P; satisfy the eikonal equation (3.1)
with the velocity v = V.

It is easy to rewrite the formulae for initial conditions in terms of the polar
angles ¢ and 0, see the ray tracing system (3.5). Let us assume that the values
of ¢ and 8 are known for the incident ray at the point of incidence and let us
denote them @ and 4. Then the values @ and 4, the initial values for ¢ andé in
system (3.5) for the ray of a reflected (transmitted) wave are given by the following
formulae
(3.10)  cos A = Mcos A4 — NsM(A' & B'),

cos & = (M cos @ sin 4 — MNy(A' & B") [sind,

sin A = (1 — cos2 A)/2,

sin & = (M sin @ sin 4 — MNx(A' 4 B)) [sin4,
where

(3.10%) M——II; A' = Nycos @sind + Nesin @sin 4 + Nzcos 4,
B =(M-=2—1+ A2,
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In (3.10), the upper signs correspond to the transmitted wave, the lower ones to
the reflected wave. The square roots for sin A in (3.10) and for B’ in (3.10") are
taken positive.

Thus, the initial conditions for the ray of a transmitted (reflected) wave at the
point of incidence can be written in this case in the following form

(3.11) for 1=T: %=X;, 9o=®, 6=4.

The system of ordinary differential equations of the first order (3.2) or (3.5)
with the initial conditions (3.3) or (3.6) at any point of the ray (e.g., at the source)
and with the initial conditions (3.9) or (3.11) at interfaces can be used for com-
putation of rays, travel times and wave fronts in arbitrary inhomogeneous media
with curved interfaces. For its numerical solution we can use the Runge-Kutta
method, for example.

Finally, it should be noted that the number of equations in the ray tracing
system (3.5) can be decreased by one when we use any of the spatial coordinates
as a new integration variable instead of z. For details see Note in sec. 3.2.2 where
this possibility is discussed in some detail for a two-dimensional medium.

Note: The notation “ray” was used above to denote the characteristic of the
eikonal equation. Now we shall show that such rays satisfy the Fermat principle.
We have found that the rays are described by a system of ordinary differential
equations of the first order. Such a system can be easily rewritten in the form of
a system of ordinary differential equations of the second order. Let us consider, e.g.,
the ray tracing system (3.2). By differentiating the first set of equations in (3.2)
with respect to T we easily obtain the system of three ordinary differential equations
of the second order

d dx; ) dlno .
e | g2 2 = — =
(3.12) o ( v I 1,2, 3.
Let us introduce the following notation
(3.13) F(xiy x50 T) = 07Yxs) (opxr)l/?, %= dxg/dz.

Then, taking into account that (x%xxx) = v2, we can rewrite the formula (3.12) as
follows

d OoF oF .
(3.14) Pl Tl Pl 0, i=1,2,3.
The equations (3.14) are the Euler equations for the extremals of the Fermat
functional.

M M
(3.15) | F(xi %55 7) dv = [o(xi)ds.
Mo Mo

Thus the rays we have introduced as characteristics of the eikonal equation are the
extremals of the Fermat functional. For other details see [95].
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3.2.2, TWO-DIMENSIONAL MEDIUM

The number of equations in the ray tracing system can be decreased when v
depends on two coordinates only, say x and z (we use the notation x,y, 2 instead
of 1, %2, x3), © = v(x, ). For initial conditions such that yo = const and
(p2)o =0 or go=0 (ie., for example, for the line source defined in sec. 2.6.3),
we have y = yo = const and p2 = (p2)o =0 or ¢ = @o =0 along the whole
ray. The reduction of the system (3.2) is obvious and therefore the resulting system
is not presented here. The ray tracing system (3.5) is reduced to three equations
dé

(3.16) -c(ll—t—=vsin6, %zfvcosé, d—r=—vwcos§+'vzsin6,

where v, = 0v/0%, v, = 09|02, —n<4<m. The initial conditions are as follows:
(3.17) - for T=179 x=2x0, =20, O0=0o.

There is no singularity connected with 8 = 0 and 6 = 4 = in this system.
The initial value A of the angle 6 corresponding to the ray of a transmitted
(reflected) wave at the point of incidence is given by the following formulae

(3.18) cos A= McosA — MNs(A'+ B}, sind = M sin 4 — MN(4' 4 B,

where the same notation as in (3.10’) is used. Let us note that the expression for 4
changes into A’ = Nisin4 4 Nscos 4. The upper signs in (3.18) correspond
to the transmitted wave, the lower signs to the reflected wave.

Thus, the initial conditions for the ray of a transmitted (reflected) wave at the
point of incidence can be written in the following form:

(3.18") for v=T: x=X, z2=Z2, d=4.

System (3.16) with the initial conditions (3.17) and with the conditions at inter-
faces (3.18") can be used to compute rays, travel times and wave fronts in arbitrary
two-dimensional inhomogeneous media with curved interfaces.

Note that system (3.16) can bealso applied to axially symmetric media with the
point source situated at the axis of symmetry.

Note: In the ray tracing systems presented above the number of equations
can be decreased by one when we use any of the spatial coordinates as a new
integration variable instead of 7. For example, system (3.16) consisting of three
equations can be rewritten in a simpler form
. (3.19) —g—: =tan d, % = —vY(v; — v, tan d),
where v, = 0v/dx and o, = 0v/dz. The travel time 7= along the ray can be
easily determined by numerical integration along the ray. The system is very
convenient for ray tracing when the prevailing direction of rays is along the z-axis
(e.g., in the reflection prospecting). The system cannot be used when the ray is
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parallel to the x-axis, as then tan é—oo. Generally, for rays with the prevailing
direction along the x-axis the error of computation may be high. It is, however,
possible to replace the integration variable z by x in this case. Then we have

, dz d
(3.19) o = cotan 0, =Y (zy cotan 6 — vy) .
Thus, during the computation of the ray using (3.19) and (3.19) we must check
the direction of the ray with respect to the x- and z-axis and use the proper
system at any particular point.

3.2.3 ONE-DIMENSIONAL MEDIUM

When v depends on one coordinate only, e.g., on the depth z, the ray tracing
systems can be rewritten in the form of closed-form integrals. They are well-known
from numerous studies of propagation of seismic body waves in vertically inhomo-
geneous media and are described in many textbooks and papers, see e.g., [19, 25,
33, 53, 71, 129]. They can be easily derived from the Fermat principle or from
other considerations, here they are derived from the ray tracing systems presented
in earlier sections.

In the following, we shall consider only the waves travelling in the positive
direction of the x-axis. The modification of the corresponding formulae for
propagation of waves in the opposite direction is straightforward. In the case
under consideration the quantity p = v-1sin ¢ is constant along the whole ray
as can be easily shown from any of the ray tracing systems presented above. We
remember that ¢, introduced by (3.4), measures the angle between the positive
direction of the z-axis and the positive direction of the ray, —r < 6 < z. In this
section, we shall consider ¢ to be the acute angle between the z-axis and the
tangent to the ray, 0 < 6 < =/2. This corresponds to the usual notation for the
vertically inhomogeneous media. Let us note that this new definition does not
change any of the formulae of the previous sections except for certain signs. The
quantity p is now always positive, and is called the ray parameter. It can be specified
by the initial conditions for v = 7¢: p = po = v3'sin o, where oo is the
velocity at the point [xo, 20]. Since the angle é can be determined from the
relation p = v-1sin é at each point of a ray, a ray tracing system for one-dimen-
sional medium reduces to two equations only

dx d=
'E'E—: ‘Z)zp, d—r=iv(l —pz‘vz)l/z .
The sign “+* (“—*) corresponds to the descending (ascending) part of the ray.
The above system can be rewritten into the system for %(2) and 7(z). The right-
hand sides of the new system do not depend on x and 7, they depend on 2z only.

Hence, the system can be simply integrated. Assuming that the element of a ray
under consideration has no turning point (i.e., the point at which dx/dz = 0)
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between its end points [%(z0), 20] and [x(2), 2] (z > z0) we obtain well-known
formulae

z d . z d
(3.20)  x(2) = x(z0) + { Tl—_ﬂpz‘fz)_l/?’ 7(2) = 7(20) + { ;,ﬁ?;czv—z)ll—z'
For the element of the ray containing the turning point we have
’ _ = ppde 7 __wd
(3.20") x(z) = x(20) + z{ (1 — p2o?)i2 + J 0 = p2?ie °
_ 2% dc P dC
)=o) + | g T | =

where z* (2* > 20, 2* > 2) is the depth of the turning point of the ray, at which
v(2*) = wo/sin do = p .

If there are plane interfaces 2 = 2 i=12..,N) of the first order in the
medium, the following formulae must be used instead of (3.20)

N . N
(3.21) x(2) = x(20) + Zo A, 7(2) = ©(20) + _ZOB,- )
where N -+ 1 is the number of elements of the ray and
Zi+l ¥ Zi+1

, - pvdl _ d¢
2y =] gl Bl w—em
241 > 21, when the end points of the i~th element lie on different interfaces or

. _ L pwd ISR
(3.21 ) Ai _ 22_[ (1 — pzvz)l/z 5 Bi — zz‘f 7)(1 . p27)2)1/2 >

2* > 2;, when the end points of the 7-th element lie on the same interface. The
modification of the above formulae (3.21"), (3.21"") for the source and/or receiver
situated within a layer and for z <z is straightforward. In (3.21),
(3.21"), 2 is the depth of the i~th point of intersection of the ray with an interface
(2o is the depth of the source), 2* is again the depth of the turning point of the ray.
The initial conditions at interfaces are automatically satisfied in (3.21).

To compute the integrals in (3.20) or (3.21), it may be useful to use the velocity
o as an integration variable instead of 2. Then formulae (3.21") have the form

, _m+1 PC(dZ/dC)dC —‘Ui+1 (dz/dC)dC
G2) A=] goge e BTl o

when the end points of the -th element lie on different interfaces or

1p vl
. Cdz dC dc dz dC dC
(3.22 ) Ai_—_ZJi —(?1—(_—_—1/%%)?2—, Bi=2'£ Zé__/__Pg@)T/Z':

when the end points of the i-th element lie on the same interface. In (3.22),
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v, vi41 are the velocities corresponding to the depths =z, 2i11, respectively.
When the depth z is given as a polynomial in v, the integrals can be easily calcul-
ated analytically.

For many velocity-depth functions v = (2), the integrals 4; and B; in (3.21)
can be computed analytically. In seismological applications, however, the velocity-
depth distribution is rarely specified analytically. Usually, the velocity distribution
is described numerically, by velocity values at different depths. The main problem
is to find a proper approximation method. This problem is discussed in some
detail in sec. 3. 7.1.

3.3 COMPUTATION OF AMPLITUDES OF THE LEADING TERM

It was shown in sec. 2.8 that any component of the leading term of the ray series
is a product of two real functions — amplitude 4 and function fo(z — 73 ¥) -
which describes a form of a signal.

The determination of a form of a signal is discussed in great detail in sec. 2.9
and in Chap. 4. The computation of amplitudes is more complex. In this section,
the main attention is devoted to the amplitudes of waves generated by a point or
line source. Then, the formulae (2.56) or (2.57), (2.58) and (2.60) can be used.
If a source is of another type the formulae (2.54) must be used instead of (2.56) or
(2.57) and the function u(y1, y2) in (2.54) has to be determined from the study
of the given source.

First we shall consider the pure P waves. The determination of the amplitude
of the leading term of the ray series consists in the following steps here:

i) The computation of the geometrical spreading L or L. The expression for
the geometrical spreading contains cosines of the angles of incidence, reflection
and/or transmission (see (2.58)). These quantities can be determined during the
computation of the ray, see the quantities 4 and B in (3.7'); V |A| is the cosine
of the angle of incidenceand ¥ |B| is the cosine of the angle of reflection (transmis-
sion). The determination of the expression sin do is straightforward. The most
complicated part of the computation of the geometrical spreading is the determina-
tion of the function ¥(z) (see (2.58)). It can be performed in several ways, the
following three methods being the most important: a) the methods in which the
function ¥ is expressed in terms of certain partial derivatives with respect to the
ray coordinates, see sec. 3.4; b) the approximate methods, see sec. 3.5; c) the
methods in which the function ¥ is expressed in terms of radii of curvature of the
wave front, see sec. 3.6.

ii) The computation of the product Q of reflection and/or transmission coef-
ficients (see (2.58)). As it was shown in sec. 2.7.4, the reflection and transmission
coefficients depend on the angle of incidence and on the values of velocity and
densityat both sides of the interface at the pointof incidence. Since it is assumed we
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know the velocity and density distribution in the medium, the angle of incidence
can be determined | during ithe computation of the ray (see i)), and the compu-
tation of the quantity Q can be performed without difficulties.

iii) The computation of the quantity V given by formula (2.58). The com-
putation of this quantity does not cause any difficulty, either since the expression
for V contains only the values of the parameters of the medium along the ray.
As mentioned above, they are determined during the computation of the ray.

iv) The computation of the directional characteristics of the source g or g. The
directional characteristics g is a function of two variables, go, do, the directional
characteristics g depends on one variable, do. They can be given analytically,
see e.g. [93, 94] (then the computation is straightforward) or numerically by a
system of values at different directions. In the latter case a suitable approximation
of the directional characteristics must be used to determine g (or ) for the
values g¢o, do. In many applications the unit directional characteristics g((po,
80) = 1 (or g(do) == 1) can be used.

v) The determination of the conversion coefficients ¢, and ¢, when the
receiver is situated at the Earth’s surface or the determination of the components
of the unit vector in the direction of the displacement vector at the receiver within
the medium. In the former case, the computation of the coefficients of conversion
is analogous to the computation of the reflection or transmission coefficients
(see ii)). It can be performed without difficulties. In the latter case, it is necessary
to determine the components of the unit vector tangent to the ray under investi-
gation. These components can be easily derived from the components of the corre-
sponding slowness vector. The 7-th component of this unit vector is vp; (see (3.1)).
When the direction of the ray is characterized by the polar angles ¢ and 6, the
components are (cos ¢ sin d, sin ¢ sin d, cos d).

All the above conclusions for the P waves hold also for the S waves since the
amplitudes of both types of waves are influenced by similar factors. If the whole
ray of S wave lies in a plane (i.e., its torsion is zero and all the normals to interfaces
at the points of reflection (transmission) lie in this plane) the computation of the
leading term of the ray series is very simple, practically the same as for the P wave.

The comiputation becomes more-complicated when the ray of the S wave is
a space curve (its. torsion is non-zero). Then the procedure of determination of
amplitudes differs from that described above. (As in Chap. 2, in the following we
shall assume that the principal components of the displacement vector are de-

termined with respect to the normal n and binormal b along the ray.) The main

differences are the following: a) the amplitudes must be determined successively

from one interface to the next interface along the ray ; b)itis necessary to determine
— — =

the vectors t (unit tangent vector to the ray), n, b at least at the points of the

— > >

reflection (transmission) of the ray at individual 1nterfaces The vectors t, n, b
must be determined at both sides of the interfaces; -c) the quantity @ (see (2.28))
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must be determined at the points of reflection (transmission) of the ray at individua]
interfaces or at the Earth’s surface in order to determine the principal components
of the displacement vector (see formula (2.32)); the determination of the torsion T
of the ray appearing in (2.28) is described in sec. 3.7.3; d) the prmmpal compo-
nents of the displacement vector of the incident wave in the directions of vectors

nSH and nsv (see sec. 2.7.3) must be found at the points of reflection (transmis-
sion) in order to determine reflection (transmission) or conversion coefficients.
After the determination of the principal components (in the directions of vectors

'—T)SH and ;sv) of the reflected (transmitted) wave, it is possible to express the
principal components with respect to the normal and the binormal to the ray.
These components play the role of the functions y; and 2 in (2.32). The above
procedure can be repeated for any number of interfaces.

Finally it should be mentioned that the same procedure as for S waves can be
used for any type of multiply reflected converted wave. Of course, the torsion
does not have to be determined along those elements of the ray along which the
wave travels as the P wave.,

3.4 COMPUTATION OF THE GEOMETRICAL
SPREADING L IN TERMS OF PARTIAL DERIVATIVES

The most complicated part of the determination of the geometrical spreading L
is the computation of the function ¥. The function ¥ is connected with the cross-
sectional area of an elementary ray tube do by the formula

(3.23) do = Jdyi1 dy2,
with ¥ given by the formula
x _ ox =
(3.239) J= a—}/l X —3?2— x = (x1, X2, x3) .

Using the Laplace identity (see[53], p. 295) we can rewrite the expression (3 23%)
in the form

(3.29) ¥ = (EF — G2z,
where

, _ axi axi _ axi ax,- . axi axi
G E=5ro =% o

(Einstein summation convention is applied).
Another equivalent expression for the function ¥ is as follows

1 | D(x1, x2, x3)
.25 = | 2\ A2 A3)
(32 ) J v D(Ts Y1 72) ’

where D(x1, x2, x3) [ D(z, y1, y2) is the Jacobian, which relates Cartesian and ray
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coordinates. It should be emphasized that the partial derivatives in (3.23)—(3.25)
are taken for constant 7, i.e., along the wave front.

When we do not know the derivatives 6;/ dy; along the wave front but along
a certain curface S, e.g., along the Earth’s surface, another formula for ¥ can be
used. In this case the function ¥ at the point of incidence O on the surface S is

g]"I cn t) tlle IE]'atlon

Here n; denote the components of the unit normal to the surface S at the point
0, v(0) is the velocity of the wave under consideration at O, p; are the com-

(3.26) ¥ = 2(0)

ponents of the slowness vector at O, (a}’/ dy1)s, i=1,2 denote the partial
derivatives along S at O.

It is not difficult to derive a system of ordinary differential equations for quanti-
ties which we need to compute ¥ using the equations (3.23), (3.24) or (3.25). Now
we shall discuss various systems of these ordinary differential equations, which
shall be also called here the additional systems (as they are additional systems to the
ray tracing systems). Similar to the case of ray tracing systems, we shall
present here the additional systems in Cartesian coordinates. The additional systems
in arbitrary curvilinear coordinates are given, for example in [156]. -First, we shall
investigate the additional systems in three-dimensional media, i.e., in media, in
which the velocity depends on all the three spatial coordinates.

3.41 THREE-DIMENSIONAL MEDIUM

a) The additional system consisting of twelve equations

The most straightforward method of evaluation of the function F consists
in the computation of quantities 9xi/dy; (= 1,2,357=1, 2), see e.g. [20, 47,
106, 154]. If we are able to compute these quantities along the ray, we can then
determine the function ¥ at any point on the ray using (3.24) for example.

To simplify the following formulae we shall use the notation

0xi(y1,Y2,7)
;]

Opi(y1s 72, T)
a >
Vi

2ji(y1, Y2, T) = P

(B27)  yulynye7) =
and the Einstein summation convention will be applied. The functions yi, 27
satisfy the system of twelve linear ordinary differential equations of the first order,
which are obtained by means of partial differentiation of the system (3.2) with
respect to yj:

dei 2lno

dyn _ ~ 00® 2..> Gep 9
(3.28) - Tde =Pk G T V% dr %1 0xg 210
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1=1,2,3; j = 1,2. After the determination of the initial values (which can be
obtained by the study of the given source)
(3.29) for T=v0: yu=(Qmo> 2= (2o,

and assuming we know the solution of the ray tracing system we can compute the
system (3.28) to obtain y;; and 2; along the ray. (Note that the system (3.28)
does not depend on the method used for the computation of ray). Suppose the
point source is situated at (x;)o and that the selected ray is specified by the
following initial conditions (0 < go < 27, 0 < do < )

(p1)o = 3! cos g sin dy, (p2)o = v5' sin gy sin &g, (p3)o = w3t cos do.
Then the initial conditions for y;; and zj;; are as follows (y1 = @o, y2 = do)
(yfi)0:0> (]= 192: i=13233),

(3.30) (zu)o = —7! sin ®o sin &y P (2.'12)0 = 75' cos ®o sin & 5 (213)0 =0,
(221)o = v3" COs o cOs 8o,  (222)0 = w5 sin go cos o ,
(223)0 = —5! sin dy.

In order to find the coordinates of the ray from (3.2) it is riecessary to compute

simultaneously the values of p;. Similarly, in order to solve the system (3.28)
for y; we must also compute 2. Two of the equations for 2y can be replaced
by the algebraic equations
X)) Pizn = —v -3y,
(or = Ov[Oxk, k=1,2,3; j=1,2), which are obtained by differentiating
the eikonal equation (3.1) with respect to y;. Thus the system (3.28) is reduced
to ten equations. Together with the five equations of the ray tracing system we
have 15 equations to be solved.

Again, we can write the equations (3.28) in an alternative form. For example,
we can use the polar angles ¢ and ¢ introduced in (3.4) and their derivatives
Op[Oys, 00[0y;(j=1,2) instead of p; and 2 (1=1,2,3; j= 1,2). The
system of equations for —gf and aaTa can be easily obtained from (3.5). It consists

i i
of 10 equations only, but it is rather cumbersome. Therefore it is not presented
here.

It should be noted that the quantities of y; and 2;; can be used not only to
- compute § but also for other purposes. For example, they can be used to compute
the wave field in the neighbourhood of the caustic by means of modified methods
[106].

The additional systems described above can be only used up to the point of
intersection of the ray with an interface of the first or the second order. Thus, the
initial conditions for the additional systems along the rays of transmitted and/or
reflected waves must be given at these interfaces.

We shall use the same system of notation which was used in the initial conditions
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for the ray tracing systems in sec. 3.2.1 (see also sec. 2.7). In this notation Yy, Zji,
Y and Zj;; are the quantities yj;, 2;; measured just at the point of incidence,
Y and Zj are measured at the side of the interface where the incident wave is
propagating and ¥; and Zj; at the side where the generated wave is propagating,
V and V are the corresponding velocities at the point of incidence.

The derivation of the relations between Y, Zj and Yy, Z;; will not be given
here, it can be found in [47]. Here we shall present the resulting formulae only.

i) The formulae for the transmitted wave and for the converted reflected wave
at an interface of the first order:

(332) Y= Yu+ [(V2— V?)P; + V2Ni(4 + B)] Ey,

Zy = Zy — Ni(1 & AB) (c,- — ENi ?;n 4

+ E;21n (V|V) | 8x: — (A+ B) DiuNax,

):}:N@ DV -3V—V-3Vi)+

where
(3.33) A = PyNy, Ci= PipNimDjm + ZixNg o E; = _Nij]cA_lV—z )
_ v - ON; — (V-2 _ -2 2\1/2
Vt—‘axi, »le—‘aij B—(V |4 +A) )
Dj = Yy + V2PE;, Vi= %

The upper (lower) signs in (3.32) correspond to the transmitted (converted re-
flected) wave.

ii) The formulae for the unconverted reflected wave at an interface of the first
order:

(3.34) Vji= Y — 2Ni(Ne Yir) »
olnvV
0 xx

The symbols A, B, Dy and E; in (3.34) have the same meaning as in (3.33).
iii) The formulae for the unconverted transmitted wave at an interface of the
second order:

(335) Yu= Yu, Zi=Zn+ EVYVi—Vi)— Nid Y -3Du(Vie — Vi) -

The symbols 4, Dsz and E; in (3.35) have the same meaning as in (3.33). The
quantity A is assumed to be non-zero in all the above formulae. If 4 =0, ie.,
when the ray of the incident wave is tangent to the interface of the first or the
second order, the above formulae cannot be used. '

Thus, the initial conditions for the additional system (3.28) along the ray of the
transmitted (reflected) wave at the point of transmission (reflection) can be written
in the following form:

(3.36) for v=T Vi = i}ﬁ 3 B = Zji .

Zj = Zj — 2N; ( C; — E;Ni ) — 24D N .
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It is easy to rewrite the formulae (3.32)-(3.36) in terms of polar angles @ and 4
and their derivatives with respect to the ray parameters instead of Py; and Z. The
resulting formulae are straightforward, but rather cumbersome. Therefore, they
are not presented here. ’

For the determination of the function ¥ in the above described way it is
necessary to solve the system of fifteen ordinary differential equations of the first
order (five equations form the ray tracing system, ten linear ‘equations form the
additional system). The numerical solution of such a large system is very time
consuming. It is, therefore, very important to investigate the possibilities to
simplify the system, more precisely the additional system. The method of the
determination of amplitudes based on solving 12 ordinary differential equations
of the first order (five equations form the ray tracing system, seven equations form
the additional system) is proposed in [58]. The decrease of the number of equations
in the system [58], however, considerably complicates the r.h.s. of these equatlons

b) The additional system consisting of eight equations.

Another possibility to decrease the number of differential equations in the
additional system is to introduce a certain spatial coordinate, say x3 = 2z, as the
integration variable instead of the variable 7 (see also Note in sec. 3.2.2). Then the
number of equations in the additional system is eight. However, the r.h.s. of these
equations are rather complicated. The function ¥ at an arbitrary point of the ray is’
given then by the formula (3.26), where the partial derivatives are taken for con-
stant values of z, i.e., along the horizontal planes. Nevertheless the use of a spatial
coordinate as an integration variable implies certain disadvantages described in
Note in sec. 3.2.2.

Another method for the determination of ¥ based on the solution of the addi-
tional system consisting of eight linear ordinary differential equations of a very
simple form was proposed in [134]. The number of equations in the additional
system in [134] is decreased by the introduction of a suitable system of coordinates,
T, q1, g2, referred to the ray. Here v denotes, as before, the phase function, the
quantities g1, g2 form an orthogonal coordinate system in the plane perpendicular
to the ray. We shall denote this plane by S. The ray, along which the coordinates
T, q1, g2 are introduced, will be called the central ray. Then, the radius-vector of
an arbitrary point M in the vicinity of the central ray can be expressed in the
following way (see Fig. 3.1)

(3.37) i = 1(z) + qien(®) + geea(®).

Here ;Er) denotes the radius-vector of the point. N of the intersection of the
central ray with the plane S, containing the point M. The value of the parameter
7 at the point N is one of the coordinates of the point M. In the plane S, two

mutually perpendicular vectors, e1 and eg, situated at the point N on the ray,
are determined by the method described below. Inthe plane S these vectors define
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a coordinate system in which the coordinates g1 and gz are the remaining co-
ordinates of the point M. .

The vectors :1 and Zz can be given by the following relations
(3.38) :1=;COSQ—ESin@, ;;=;sin@+l?cos@.

Here ;;(1), K(r) denote the unit vectors of the normal and the binormal, re-

%3

/

Fig. 3.1

spectively, to the ray at the point 7. The angle @ is determined by the relation
(2.28). The vectors t(v) (the unit vector of the tangent to the ray at the point 7),
e1(7), ex(r) thus form a right-handed system of vectors which has the following

important property: The changes of the vectors ;; and :z along the ray have
non-zero projections only in the direction tangent to the ray.

It was proved in [134] that the expression for J can be fairly simplified when
we use the coordinates 7, g1, ¢» instead of Cartesian coordinates. From (3.25) we
then obtain the expression

(3.39) J = 1D(q1, 42)| D(y1, v2)| 5
which can be written in the form
(3.39") F = lgugee — gi2g21| »

where gy = 9gi/ 0y, i,j = 1,2. Thus, in order to determine the function Fit .
is sufficient to be able to determine the four quantities gs. The linear ordinary
differential equations for these quantities can be derived from the differential
equations of the rays in the vicinity of the central ray.

The rays in the vicinity of the central ray can be determined by solving a system
of four ordinary differential equations of the first order for the quantities ¢ and g2
and for two auxiliary quantities (similar to p; in the ray tracing system (3.2)).
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For the central ray, obviously, the following identity holds along the whole ray:
g1 = g2 = 0. By differentiating the above mentioned system of equations with
respect to the ray parameters y;(j = 1,2) and limiting ourselves to the central
ray (i.e., g1 = g2 = 0), we arrive at the system of eight linear ordinary differential
equations of the first order for four required quantities g and four auxiliary
quantities & (4,7 =1, 2)

. dgn 91, | dhy _ 1 02y
(3.40) =Y hi —d‘?— =~ o ogoq &ik
When the initial conditions are specified,
(3.41) for 7= To g = (gﬁ)o Py hji = (hji)o 5

i,j = 1, 2, the system of eight linear ordinary differential equations (3.40) can be
solved to give the quantities gy and %y along the whole ray (assuming the
appropriate ray is known). Note that the system (3.40) does not depend either
on the method used for the computation of the ray nor on the coordinate system
in which the ray is specified.

The presented additional system (3.40) can be used in media, in which the
velocity and its derivatives vary continuously. The situation becomes more com-~
plicated if there are velocity interfaces in the medium, as certain quantities in the
system (3.40) are discontinuous across an interface of the first or second order.
To compute the function F along the ray of a reflected (transmitted) wave, the
initial conditions for the system (3.40) must be known at the interface.

We use the same notation as in the relations (3.32)—(3.35) (see also sec. 3.2.1
and 2.7). The symbols Gy, Hyi,s Gy and Hy; denote the values of the functions g/
and %; measured just at the point of incidence of a ray at an interface. The
quantities Gy and Hj are measured at the side of the incident wave and Gii
and Hj at the side of the generated wave. ¥V and V are the corresponding
velocities at the point of incidence.

It is necessary to bear in mind that the relauons between Gy, Hy and Gy, Hji

depend on the orientation of the vectors e1 and eg at the point of incidence. The
following relauons (3 43)—(3.47) between Gy, Hy and Gji, Hy: are der1ved for
the vectors e1 and ez chosen so that they correspond to the vectors nSH and
nsv at the point of incidence, respectively (see sec. 2.7.2). However, the vectors e1,
:2 determined by the relations (3.38) make generally a certain angle 2 with the

vectors nsm, Nsv at the point of incidence. Before applying the relations

(3.43)-(3.47), it is, therefore, necessary to rotate the vectors Zl, :2 in the plane S
perpendicular to the ray by the angle 2. It is clear that this transformation changes
the values of the quantities Gy; and Hy.. We mark with apostrophes the quantities

- -
corresponding to the vectors ej, ez (before the transformation), the quantities
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- — '
corresponding to .the vectors nsm, nsy (after the transformation) -having no
apostrophes. Then the transformation relations between the quantities Gyi; Hj
and Gj;, Hj; are as follows :

(342)  Gp=GjcosQ — Ghsin®,  Gp=GjsinQ+ Ghcos 2,
Hj = Hj; cos 2 — H/;sin 2, Hj» = Hj; sin 2 + Hj;cos 2.

Now it is possible to apply the relations between the quantities Gyi, Hy; and
Gy, Hy; given by the formulae (3.43)-(3.47). Their derivation can be found in
[134]. Here we give the relations in a slightly different form from [134].

i) The formulae for the transmitted wave and for the converted reflected wave
at an interface of the first order

- sin
(3.43) Gjl = Gpn , G2 =Gy smfz s
Hjl = Hj1 —2GnD3sRy — —— (2D12R1 -+ V'“leCOSOL) 5
o H sine  Gp (2D12R: + VIR _
2= Hpgrg = smp PR 2COS0t)
— ——G—— (2D11R; + 2V-1Rscosa + V—2R4cos2)
sine sinf ?
where
(344)  Ri— V-isina— P-sinf, Ry—= P12 19V
oq1 6q1

aV i R4 - V_lVT _— 17—1[71: Iy

Ry =TV ——K— sing — V-1
0qs

= VYViP), V.= V¥V:Py).

The quantities « and f are the angles between the positive direction of the local
x-axis (see sec. 2.7) and the tangent to the ray of incident and generated wave,
respectively, at the point of incidence. The angles are measured positively counter-
clockwise from the local x-axis. The quantities D11, D12, D22 are the coefficients
of the equation of thesurface approximating the interface at the point of incidence,

(3.45) g = Dux? + 2D1axy + Dasy?.

The surface (3.45) is expressed in the local coordinate system (x, ¥, 2), see sec. 2.7.
It can be shown that the approximation of an interface by the surface (3.45) is
sufficient for our purposes, see [134]. The formulae for the coefficients Di1, D12,
D35 can be easily obtained by the expansion of the equation of the interface into
the Taylor series.
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ii) The formulae for the unconverted reflected wave at an interface of the first
order (8 = 2r — ): »

(3.46) Gi1 = Gpn, Gja= —Gya,
I:Iﬂ = Hj]_ —_ 4:Gj1D22V—1 sinoc — 4G7'2D12 V‘l,

Hjs = —Hpp+4GnD12V1 4+ S j:“ [4D11P‘llsinoc +
oV oV . ~
-2 — -3 2 —V
+ 2V (8qz + aqz) coso sino + V -3cos2a (Vo VT)] .

iti) The formulae for the unconverted transmitted wave at an interface of the
~ second order

(3.47) Gpn=Gy, Gj2=Gje, Hn=Hp, Hp=Hjs— Gp(V:—Vz)V-3cotan .

We have used the same notation in ii) and iii) as in i).

All the above formulae hold true under the assumption that sin« # 0 and
sin # % 0. They cannot be used for the incident rays tangent to the interface and
for the rays which impinge on the interface under the critical angle. See also the
corresponding condition A4 % 0 in (3.32)—(3.35).

Thus the initial conditions for the additonal system (3.40) at the points of re-
flection (transmission) can be written in the following way

(3.48) for =T 8ii — éji s hji = ﬁji .

The determination of the initial conditions at the source, the determination of the
derivatives of the velocities in the special system of coordinates we have introduced,
and the determination of the angle 2 in (3.42) are not discussed here. These
problems will be investigated elswhere.

In order to determine the function ¥ in the above described way, it is necessary
to solve the system of thirteen fairly simple ordinary differential equations of the
first order (five equations form the ray tracing system, eight linear equations form
the additional system). The function ¥, then, can be determined from the
relation (3.39").

) The additional system consisting of five equations

It was suggested in [42] to determine directly the function ¥ instead of the
determination of ¥ in terms of the four quantities g;. In this way the whole
system of ordinary differential equations can be reduced to only ten equations.
Let us introduce five quantities fi, fs, f3, f4, f5 Which are given as follows

(3.49) fi = gugez — g1282 fa = guhes — garhiz,
f3 = gashir — giohar fa = huihes — halaz,
f5 = guhar — gahu + geshiz — gizhas .

Thus, the function ¥ is given by the simple formula ¥ = |fi]. From (3.40) and
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(3.49) we obtain an additional system consisting of five ordinary differential
equations of the first order for five quantities f, (m=1,...,5)

(3.50) dfi/dr = 23(f2 + fs) ,

dfe/dr = 2f1s — v waef1,

dfs/dv = 02fs — v-loufi,

dfs/dr = —vYvufe + vaafs — vi2fs) »
) df5/d1: = —2v-1v12f1 Py
where vy = 0%20/0¢:0q5, 4,7 =1,2.

When the initial conditions are specified,
(3.51) for =170  fu=fm)o, m=1,2,...,,5,

the system of five linear ordinary differential equations (3.50) can be solved to
obtain the quantities f, along a ray (assuming the appropriate ray is known).

The initial conditions for the system (3.50) at the points of reflection (trans-
mission) are determined from the relations connecting F,, and Fy, m= 1, ..., 5.
(We use again the same notation as introduced in sec. 2.7.) The relations between
Fp and F, follow immediatelly from the relations (3.43)-(3.47) and (3.49).
They are as follows

352) Fi=PFS, Fp= —FiS3/Ss+ FSi', Fs=—2F1S1DR1 + FsS1,
Fy = F18:* (2D23R183 — 8% — 2F3D3sR1 STt — F3S3/Sa +
+ F4SI1 + F584/Sinﬂ s
Fs = —2F1Sy/sin« + Fs,

where
sin
sin o
S3 = 2D11 Ry 4+ 2V-1Rscosx -+ V-2 R, cos2u
Si=2D12R1 4+ V-1Rzcosx .
The values of R;, Dun, o, f, have the same meaning as in (3.44) and (3.45).

Before applying the relation (3.52), we must perform a transformation of the
quantities Fp, (m = 1,...,5), analogous to (3.42). If we mark with apostrophes

(3.529) S1= » Se=sinasing,

the quantities corresponding to the vectors 31, Zz (before the rotation by the
angle £ — see discussion before the formula (3.42)), the quantities corresponding

— —
to the vectors nsm, nsy (after the rotation) having no apostrophes, the relations
between these quantities are as follows

(353) Fi=F,, F3;=F,cos2Q2 4+ F;sin2Q2 + F;sin 2 cos 2,
F3 = F,sin2 2 + F; cos?2Q — F}sin 2 cos 2, F,=F,,
F5s = (Fy — F,)sin 2Q + Fj cos 22 .

Simple relations for an unconverted reflected wave at an interface of the first
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order follow from the general relations (3.52) if we take into account that f = 2n—«
and V=V, oV]oq1 = 0V/dq:. Similarly, the relations for an unconverted
transmitted wave at an interface of the second order follow from (3.52) if we
take into account that 8=« and V = ¥V, aVjoqu=0aV/dq:, aV]ag: = aV/dgo.

The initial conditions for the additional system (3.50) at the points of reflection
(transmission) can bé then written in the following form,

(3.54) for v=T fn=>Fn, m=1,..5.

The above described system (3.50) has a series of advantages, the most important
of them are the following: a) the system consists of five ordinary differential
equations of the first order which seems to be the minimum known number of
linear equations for a three-dimensional medium; b) the system is simple;
c) the system is linear; d) the function ¥ is computed directly, not as a dif-
ference of some auxiliary quantities; e) the system does not depend on the co-
ordinate system in which the ray is specified; f) the system does not depend on
the method used for the computation of the ray.

Note: When we introduce quantities #; = fi/f1 ({ = 2, 3, 4, 5), we obtain a new
system of four non-linear equations for rs, r3, r4 and 75, which is fully inde-
pendent on fi. (Similarly, we can introduce r; = f;/fz or r; = f; [ f1.) The number
of these equations can be even reduced to three.

3.42 TWO-DIMENSIONAL MEDIUM

All the formulae of the previous section can be considerably simplified for waves
generated by a point source or a line source specially situated in a two-dimensional
medium. (Under a two-dimensional medium we again understand the medium in -
which the velocity of seismic waves depends on two spatial coordinates, only.)

Let us consider, e.g., the line source defined in sec. 2.6.3 and let us assume that
the velocity of seismic waves does not change along the axis of the source. In our
case, the velocity does not depend on the coordinate x2, i.e., v = 9(x1, x3). Con-
sistently with sec. 2.6.3., the ray parameters are y1 = Lo, y2 = 6o. The initial
conditions for the system of differential equations (3.2) and (3.28) for the given
model of medium and source are as follows

(3.55) x= (x)o, p1 =v5'sindo, p2 =0, ps = vgt cos do ,
’ yu=0, =1, y13=0, yu=0,
21=20, Zo1 = 7)31 cos o , 292 =0, 293 = —vg! sin J¢ .
Here vo denotes the velocity at the source, 7 = 1, 2, 3.

In this case, ray tracing system (3.2) reduces to system (3.16) consisting of three
ordinary differential equations of the first order. The rays are plane curves. The
additional system (3.28) reduces to a system consisting of four equations for the
quantities ys1, Vo3, 221, &23. One of the equations for the quantities =221, 223 can
be, however, replaced by the algebraic equation of type (3.31) which is obtained
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by the differentiation of the eikonal equation (3.1) with respect to the ray parameter
do. Thus, the additional system consists of three equations like the ray tracing
system. Reducing system (3.28), we also obtain the identity y12 = 1, which holds
along the whole ray.

Since the reduced additional system simply follows from (3.28) and from the
above considerations, we do not present it here. Instead, we present here the

system in which the quantities p1, ps, 221, 223 are replaced by the quantities ¢
and 05/05¢, see [47]:

(3.56) %url = w11 sin 0 + wsws sin 6 + wsv cos §,

d‘wz .
% = w101 COS 6 4+ wov3 cOs & — wsv sin d,

%Z:i = wl(7)13 sin 6 — 11 cos 5) -+ wz(’()33 sin 6 — 13 cos (5) +

+ ws(v1 sin 6 + 3 cos §) ,
where
w1 = 0x1/000, ws = 0x3/0d0, Wy = 06]080, iy = 0%0/0x:0%;, —m <O<m.

. The initial conditions for system (3.56) at the point of source [(x1)o, (x3)0] can
be written as follows:

(3.57) for =10 w=w2=0, wzg=1.

The initial conditions for system (3.56) at the points of reflection (transmission)
follow easily from relations (3.32)—(3.35), see [139]. We must only bear in mind
that Ve = V2 = N> = Py = 0 and that only the quantities W; (i = 1, 2, 3) are
to be determined. The symbols ¥; denote the quantities w; at the point of re-
flection (transmission) at the side of the generated wave. It holds Wi = Yai,
W2 = Ya3. Moreover, at an arbitrary point of the ray, including the point of
incidence, we have 221 cos 6 — 223 sin 6 = wsv L.

Let us write now the expressions for the function ¥ for the given two-dimen-
sional model of the medium with a line source. From relations (3.24) we have
E=1, F=w}+4 @, G=0. The function ¥, therefore, can be written in the
following form "

(3.58) F=hF, FL=EPr=1, Ji=F"=@+ ).

We can see that the function ¥ is expressed as a product of two factors ¥, and
%1 in the case of the line source. The factor J; characterizes the spreading
of the ray tube in the plane perpendicular to the axis of the source, the factor §,
characterizes the spreading in the plane perpendicular to the former plane and
tangent to the ray. Thus, in the case of a line source in a two-dimensional medium
#. =1 and the function ¥ can be replaced by the factor .
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Now let us consider the case of the point source situated at an arbitrary point
of the axis of symmetry of the axially symmetric medium. Let the coordinate
axis x3 be the axis of symmetry. Consistently with sec. 2.6.3, the ray parameters
are y1 = @o, y2 = do. It can be easily shown that the rays are plane curves, they
lie in vertical planes containing the axis of symmetry xs. This property of rays
follows from the fact that ray tracing system (3.2) in cylindrical coordinates
reduces to system (3.16) in the above described model of medium and source.
Similarly, the additional system (3.28) in cylindrical coordinates reduces to the
system of type (3.56). Moreover, we have an additional relation y1s = x:.

The function ¥ may be again written in the form of the product of two factors
Ji and ¥, in this case, but now we have

(3.59) Fi= @ 4+ wd2,  Fo=|x].

Here, J; characterizes the spreading of the ray tube in the plane containing the
axis of symmetry and the ray, ¥, characterizes the spreading in the plane per-
pendicular to the former plane and tangent to the ray. Thus, it is not possible to
replace the function ¥ by the factor ¥ in the two-dimensional model of medium
with a point source described above. Nevertheless, similarly as in the case of the
line source, the most important part of the determmanon of the function ¥ is the
determination of the factor ¥ .

Note that the factor ¥ can be expressed in another way (see formula (3.26))
(3.60) Fi = @m/260). cos o],

where the index z denotes the partial derivative taken for constant x3. In order
to calculate the factor J; by (3.60) only the quantity wi, = (0x1/0d¢); must
be determined. This quantity and an auxiliary quantity ws, = (95/@d,), can be
determined from the additional system consisting of two equations only

(3.61) .‘ng = wg,[cos20 ,

d;v;: = wi[v-Y(v13 tan 6 — o) + v-2v1(v1 — w3 tan 6)] + ws.w vz /cos2d .

The system of differential equations (3.40) for the rays generated by the above
described point or line source in a two-dimensional medium is also considerably

simplified, see [134]. Let us choose the unit vector Zl so that it is perpendicular
to the plane containing the rays (i.e., to the plane (x1, x3) in the case of the velocity

' - . - -
distribution v = v(x1, x3)). Let us assume that the vector e; coincides with the
positive direction of some axis of the general coordinate system (in the mentioned

—e
case with the positive direction of general xe-axis). Then the unit vector ez can be

- —_ -
taken as a vector perpendicular to the vectors t and ei, es being oriented so that
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- = -

the vectors t, e;, ez form a right-handed system. ‘System (3.40) reduces to a
system consisting of two ordinary differential equations

(3.62) dgez/dv = v%hss, dhse/dr = —v1vaag22,

where 22 = 020/dg2. Moreover, reducing system (3.40) we obtain the relation
g =1 in the case of a line source and the relation gu = x1 in the case of a
point source. .

When the initial conditions are specified

(3.63) for T=10 ga2={(g22)0> haz = (h22)o »

system (3.62) can be solved to obtain the quantities ges, 422 along the whole ray
(assuming the appropriate ray is known).

The initial conditions for system (3.62) for a transmitted or reflected wave at
a point of incidence can be easily obtained from relations (3.43)—(3.47). It is only
necessary to consider that Ry = Vs = Va = Dis = D2z = 0 and that only the
quantities Gez and Hse are to be determined in this case [134].

Let us note that in a two-dimensional case, the angle 2 introduced in (3.42) may
attain only the values of 0 or =. Thus, before applying the relations between Gz,
Hss and Gas, Has, we must determine the corresponding signs of the quantities
Ga2, Hoo.

As a consequence of the symmetry of a medium and source, we have also a very
simple formula for ¥ in a two dimensional case. As gi2 = ga1 = 0 along the ray,
we obtain from (3.39)

(3.64) F=RF, Ji=lgl, Jr=lsul.
Similarly as in (3.58) and (3.59) we arrive at the relation ¥, = 1 in the case of
a line source and at the relation ¥, = |x1| in the case of a point source.

It should be emphasized that systems (3.61) and (3.62) consist of two ordinary
differential equations of the first order only, which seems to be the minimum known
number of linear equations for a two—dimensional medium.

Another useful form of (3.62) is as follows:

(3.62) dg/dr — o109 + 9%, d(lnfss) | dv = — 2-1052g,

where ¢ = gaa/hs2. Thus, we have only one non-linear differential equation for g.
As soon as g is known along a ray, the values of [z /22 can be easily determined by

numerical integration. Then ¥ = | gho2 | .
3.4.3. ONE-DIMENSIONAL MEDIUM

Let us assume that the velocity in a medium depends on one spatial coordinate
only, say on depth z = x3 (x = x1). The function ¥ is again given by the relation
F= ¥ ¥.. Thefactor ¥ can be expressed in the following form (see (3.60))

(3.65) 1 (2) = 1(8%/080)s cos 5(z)] »
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where the index 2z denotes that the partial derivatives 0x/ddo are taken fo
constant 2. It holds

(3.66) Fi=1 for a line source,
== |x] for a point source.

The quantity (0x/0d0). can be obtained by the differentiation of the integral
expression for x(z), see (3.20)-(3.22). Note that the integral expression for the
quantity (9x/0do), also follows direct from the additional systems of the previous
sections.

The computation of the integrals for the velocity-depth distribution v = 2(2)
specified by velocity values at prescribed depths is discussed in Sec. 3.7.4. A suit-
able method of computing these integrals based on the smoothed splines is also
suggested there.

3.5 APPROXIMATE COMPUTATION
OF THE GEOMETRICAL SPREADING

For the determination of the function J in the way described in the previous
section, it is necessary to solve the additional systems of ordinary differential
equations. The additional systems often contain a greater number of equations
than the corresponding ray-tracing systems. Of course, the solution of such
systems on a computer is rather time consuming. Moreover, the solution of the
systems gives us the possibility to determine the function ¥ at every point of the
ray while for practical purposes it is usually sufficient to determine the amplitude
and, thus, the function ¥ at only one point of the ray — mostly at its intersection
with the Earth’s surface. In such a way much information obtained by the numerical
solution of the additional systems is superfuous. Hence, when itis not necessary to
know the amplitudes along the whole ray, the function ¥ can be determined
approximately without solving the additional system, see, e.g., [20].

Formula (3.23), do = ¥ dy1 dy2, can be used for the approximate computation
of the function ¥. If we use finite differences instead of differentials in (3.23)
we obtain

Ao
Ayl A’yz ’

(3.67) F o~ l

To use this formula, we must compute at least three rays (in a three-dimensional
medium), with the ray parameters (y1, y2), (y1 + Ay, y2) (y1, y2 + Ayz2), where
Ayy and Ay, are small. When we know the points at these three rays for a specified
time 7= 1g, we can determine the cross-sectional area of the ray tube A¢
numerically without difficulties. However, we usually know the intersections o
the above three rays with an arbitrary surface S (e.g., with the Earth’s surface). Let
us denote the distance between the intersections of the first and second ray with
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the surface S by Ax,; and between the first and third ray by Ax. Then formula
(3.67) can be rewritten in the following form '

Ax Ax sin & cos 6
Ay Ays

(3.68) F~

Here ¢ denotes the angle between the Ax and Ax, and 8 is the angle of incidence

at the surface S, i.e., cos 0 ==='vs(r_l> . V1)s, where vs and n are the velocity and
normal to the surface S at the point of incidence at S of the ray (y1, y2), re-
spectively; Vr is the slowness vector measured at the same point. Note that
formula (3.68) also simply follows from relation (3.26).

Formula (3.68) can be used for the approximate computation of the function ¥
jmmediately after the determination of the corresponding rays, e.g., immediately
after the solution of the ray-tracing system for corresponding rays. No additional
system has to be solved. '

Formula (3.68) is simplified in the case of a two-dimensional medium. Assume
that the velocity depends on coordinates x and z. As it was shown in (3.58), the
function ¥ can be written in this case in the form ¥ = J; .. The factor ¥, can
be evaluated easily; for a line source ¥, = 1, for a point source f, = |x[. The
factor ¥, can be computed from the following approximate formula (see (3.60))

3.69) Fy ~ |(dx]dy) cos 3 .

Thus, to compute ¥ it is necessary to determine the distance Ax between two
rays (y1) and (y1 + Ay1) (dyy is small) and the angle of incidence of the ray
(6) at the surface S. o
Tt is obvious that the smaller are the quantities Ax, Ax, the better approximation .

of relations (3.68), (3.69) is obtained. As the quantities Axand Ax depend mainly on
the differences of the parameters of the corresponding rays (dx, Ax depend, of
course, also on the epicentral distance and on the parameters of the medium), it is
clear that the smaller are the values of Ay;, the more precise value of the function
¥ is obtained. On the other hand, the decrease of the magnitude of the quantities
Ay; causes an increase of numerical errors in the process of determining .
Optimal values of 4y; can be found by numerical experiments. The accuracy of the
determination of the function ¥ usually decreases with increasing epicentral
distance.

3.6 COMPUTATION OF THE GEOMETRICAL SPREADING
IN TERMS OF RADII OF CURVATURE OF THE WAVE FRONT

The function ¥ along the ray not crossing any interface can be expressed in
terms of the principal radii of curvature (r1, r2) of the wave front in the following
way, see [4, 53], ' : :
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61y @=Smep| [ (5 + ) 0dr ]

where the integral is taken along a ray.

The formulae for determining the principal radii of curvature of the wave front
~of a wave transmitted or reflected at a curved interface in an inhomogeneous
medium were derived in [69], see also [53]. As they are rather cumbersome, they
are not presented here.

We shall discuss here only applications of formula (3.70), which might be very
useful in the interpretations of seismic measurements. We shall consider a two-
dimensional medium composed of homogeneous layers separated by curved
interfaces. Let us mention that an arbitrary two-dimensional laterally inhomo-
geneous medium with smooth changes of velocity may be simulated with good
accuracy by such a medium. Inside each layer formula (3.70) gives

, In(m0) + (r — w) o] [ra(ro) + ( — 70) v .
(3.70) J=) = Hxo) ri(z0) ra(z0)
The interfaces are assumed to be infinitely prolongated along one spatial coordinate,
say xz. Similarly as in Sec. 3.4.2, we consider a line source parallel to the
xo-axis. As was shown earlier, the results for a line source can be also used for
a point source situated at the axis of symmetry of a medium.

We shall investigate here directly the geometrical spreading L instead of the
function ¥. For the above described model of medium, it is possible to find a
formula for L in a compact simple form. It can be easily shown that the geo-
metrical spreading in two-dimensional media can be written in the form

(3.71) L = L“ L_L s

‘(similar to the function ¥ — see (3.58)).

The factor L,, which characterizes the spreading in the plane perpendicular
to the plane (x1, x3) and tangent to the ray, can be determined very simply. From
(3.58), we have for a line source,

(3.72) L, =1,
and from (3.59) for a point source in an axially symmetric medium,
(3.72) L, = (x1/sin9o)V/2,

where o is the acute angle between the xs-axis and the tangent to the ray at the
source.

Now we shall give formulae for the factor Ly, which characterizes the spreading
in the plane (x1, x3). Let us consider the ray of an arbitrary multiply reflected wave
between the source Mo and the receiver M, with the points of reflection/trans-
mission O1, Oz, O3, ..., Oy at various interfaces. As the layers are homogeneous,
the elements of the ray inside individual layers are straight lines. We denote length
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MoO:1 by L, OraOx by h(k=2,..., N) and OxM by‘ In41. Let us denote
7(0;) and 7(O;) the radii of curvature of the wavefront of the incident and re--
flected/transmitted wave in the plane (x1, x3), respectively. Further, let us denote
R(Oy) the radii of curvature of the interface, again in the plane (x1, x3). R is taken
positive or negative depending on whether the corresponding interface is convex
or concave (at the point of incidence) for an observer situated on the side of the
incident wave. The relation between the quantities 7(O;) and 7(O;) can be
written in the following form, see [53],

(3.73) 7(0) = r(0y)/d; »
where

. Vj+1 cos? ’49(01) T(Oj) Vj+1 3 0).
B.74) 4 ; cos2 H(0y) R(0;)-cos? 3(0;) ( V5 cos ¥(Or) & cos 0(09)) )

In (3.74), ¥ and 9 denote the angle of incidence and reflection/transmission
(ie., © and & denote the acute angles between the xs-axis and the tangent to the
ray, 0 <0< i, 0 <& < I, v; denotes the velocity along the j-th element of the
ray. The positive sign in (3.74) corresponds to reflection, the negative sign to
transmission at the point O;.

Since the elements of the ray are straight lines,

(3.75) HO) = Moy + b, r(O)=r(0sa)+ 1, r(M)=rOn)+ Iyu.
Formulae (3.73), (3.74) and (3.75) can be used to compute successively the radii
of curvature (0;), #(O;), forj = 1,2, ..., N and the value of r(M).

Now it is possible to write the final formula for the factor Ly at the receiver M,
see (3.70),

~ N .
(3.76) Ly = [(Ow) + Iv) 1L 2.
]=
Another useful expression for L;; is the following
N+l j—1
(3.77) Ly =12 4 1L ]/,
j=1 " k=1
j—1
where Mdp=1 for j=1.
k=1

Thus, as soon as the ray is determined, the computation of the geometrical
spreading is very easy. In fact, it is neceessary to compute only the radii of curvature
of the interfaces at the points of reflection/transmission.

The computational procedure based on the given formulae is shortly described
in [53].
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3.7 AUXILIARY PROBLEMS

In this section we shall deal with problems of the parameterisation of a medium,
with the numerical description of waves (numerical codes), with the computation
of the torsion of a ray and with two-point ray tracing,

3.7.1 PARAMETERISATION OF A MEDIUM

In order to determine rays, travel times and amplitudes of seismic body waves,
it is necessary to know the physical and geometrical parameters of a medium as
well as their derivatives at an arbitrary point of the medium. Under the physical
parameters we understand, for example, P and S wave velocity and density; under
the geometrical parameters the shape and the position of interfaces. To determine
the physical and geometrical parameters -of a medium and their derivatives at an
arbitrary point of the medium, it is necessary to express them as functions of spatial
coordinates.

Sometimes it is possible to describe the distribution of the parameters of a
medium by a simple analytic function. The analytic functions can be used to
approximate the distribution of only some parameters, the changes of which
throughout a medium are of simple character, or which affect only slightly the
propagation of seismic body waves. For example, the density ¢ and the S wave
velocity B can be approximately expressed in terms of the P wave velocity «.
Several o = g(«) relations for the Earth’s crust and the uppermost mantle have
been recommended in the geophysical literature. Let us mention the simple
relation

(3.78) o= 17+ 02z,

which approximates the ¢ = g(«) relation suggested by Nafe & Drake, see [148].
Similarly, for # we can often approximately write

(3.79) B =al]3.
Of course, both relations (3.78) and (3.79) should be used only when we do not
have any more reliable information on the distribution of these parameters.

Analytic functions can be also used in theoretical models to approximate the
distribution of all the parameters of a medium, when we study the influence of
some types of inhomogeneities on the propagation of seismic body waves.

In realistic models of media, which may be fairly complicated, some parameters,
namely the velocity can be hardly described by a simple analytical function. The
velocity in such models is usually specified by a grid of values. The velocity and its
derivatives at an arbitrary point of a medium are then determined by a suitable
approximation. When we look for such an approximation we must keep in mind
the two following criterions: i) the approximation must be simple and the calcula-
tion of velocity sufficiently fast; ii) the approximation must simulate the corre-
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sponding velocity distribution sufficiently well and it must satisfy certain other
conditions specified later. Let us note that criterions i) and ii) represent two
contradictory requirements as to the number of parameters describing the velocity
distribution. Analogous criterions must be considered when we look for a suitable
approximation of seismic interfaces.

It is obvious that the standard methods of interpolation are not convenient for
our purposes since we need the continuity of the first and second derivatives of
velocity at grid points. In fact, discontinuities in these derivatives represent false
interfaces of higher orders, which cause singular behaviour of amplitude-distance
and time-distance curves in corresponding regions. It is obvious, therefore, that
simple linear interpolation or two- or three-dimensional linear interpolation are
not suitable procedures for the determination of velocities and their derivatives
in complicated realistic media.

Other difficulties are caused by the approximating functions, which oscillate.
Oscillating functions form false low-velocity channels, which cause a series of
complicated effects in time-distance curves and amplitude-distance curves (e.g.,
shadow zones, a.s.0.).

There is no general method of approximation, which would avoid all the above
mentioned difficulties. The most suitable of the known approximations are probably
the cubic splines [2]. The cubic spline approximation is continuous together with
its first and second derivatives. Moreover, for special boundary conditions, the
cubic splines minimize the integral curvature of the approximating function.

The application of cubic splines is very simple. First, the coefficients of splines
for the whole region under investigation should be determined. Then, the value of
the approximating function or its derivatives at an arbitrary point can be easily
computed by the evaluation of a cubic polynomial with coefficients determined
earlier. A number of examples of the application of cubic splines for the approxi-
mation of the velocity distribution or for the approximation of interfaces in two-
dimensional media are given in Sec. 3.8.

Let us note that some attempts have been made to generalize the cubic spline
interpolation in two-dimensional media. The bicubic spline approximation with
smoothing was suggested in [137]. The smoothing of velocity distribution increases
the stability of computed travel times and amplitudes. The bicubic spline approxi-
mation of irregularly distributed data was proposed in [26].

The above problems connected with unsuitable approximation of the velocity
distribution have been known for a long time for one-dimensional media (such as
vettically inhomogeneous structures). The commonly used linear interpolation
causes serious complications and irregular behaviour of the amplitude-distance
curves-of refracted waves. The amplitudes have many infinities and zeros. It was
suggested in [56] to use splines to approximate the velocity-depth distribution.
However, the integrals 4; and B; in (3.21") and (3.21"") and the corresponding
intégrals for the geometrical spreading must be evaluated numerically in this case.
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Certain slight complications are also caused by the singularity of the integrand at
the point { = z* in the corresponding integrals. It would be better to find such
an approximation of the- velocity-depth distribution, for which it would be
possible to compute the mentioned integrals analytically. Such an approximation
was suggested in [49]. It consists in the application of smoothed splines [141] to the
function z = 2(v), instead of v = o(2), see Sec. 3.2. The apphcauon of the
smoothed splines has certain advantages in comparison with standard, inter-
polating 'splines. Even a slight smoothing of the velocity-depth distribution sub-
standally increases the stability of the amplitude-distance curves. Numerical
examples computed in the above mentioned way are given in Sec. 3.8, see Figs 3.12
and 3.13.

In order to be able to describe the waves by their numerical code (see Sec,
3.7.2) it is useful to introduce a system of denotation of layers. It is simple to
determine such a system for one-dimensional media: the layers can be numbered:
from the top to the bottom, ¢ =1,2,...., N.

This system of notation can be simply generalized for laterally inhomogeneous
media with curved interfaces in several ways. We shall describe here shortly one
possibility. Let us consider the model of a laterally inhomogeneous medium
shown in Fig. 3.2A. The heavy lines denote the interfaces. We shall modify the
given model of a medium to obtain a system of interfaces crossing the model from
its left side to its right side, see Fig. 3.2B, the dotted lines. In such a way we can

I e s %

el

A . B

Fig. 3.2 A modification of a model of medium for the comﬁuﬁtion; A - model before the
modification, B — model after the modification. The dashed lines denote the artificially introduced
interfaces. The layers are numbered from the top to the bottom .

obtain some layers, the thickness of which vanishes in some regions (see Fig. 3.2B
a, b, d), or fictitious interfaces with no velocity jump at them (see Fig. 3.2B c, d).
The existence of these fictitious interfaces and layers must be formally taken into
account when we compute multiply reflected waves in modified models (these, of
course, .do not influence the properties of the waves). The. layers in the modified
model:can be numbered as in one-dimensional media. - 3 e
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3.7.2 NUMERICAL CODES OF WAVES

A simple numerical code for compressional multiply reflected waves in one-
dimensional layered media was described in Sec. 2.7.5. Such a code can be used
only in media, in which groups of kinematically analogous waves are formed.
In this section we shall deal with the description of elementary waves propagating
in more general media. ‘

We shall consider pure P and S waves as well as transformed waves propagating
in laterally inhomogeneous media with curved interfaces. The source and the
receiver may be situated at an arbitrary point of a medium. Those parts of the ray

A CODE(6;1,2,2,2,2,1)

~
~

B.  CODE(-5,3-2,2,2-1)

Fig. 3.3 Examples of numerical codes of elementary waves

that lie between two neighbourhood points of reflection/transmission will again
be called the elements of a ray. When the end points of an element lie on different
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interfaces, we shall call the element a “simple element”, when the end points of an
element lie on the same interface, it will be called “a compound element”.

The numerical code of the multiply reflected wave may be formed by a chain of
integers, written as follows:

(N§ Jis J2 .00 JR) 5

where N = |[N|. When the ray is composed of simple elements only, N denotes
the number of elements; | ;] is the number of the layer, in which the i~th element
is situated. ¥; is positive for the P element, negative for the S element. N is
positive when the first element from the source strikes the interface above the
source, and it is negative in the reverse case — the first element strikes the interface
below the source. The compound elements are regarded as two simple elements
and are denoted by two equal numbers. Examples are shown in Fig. 3.3. We can
see that a series of various multiply reflected waves corresponds to one code, All
these types of waves, however, form a continuous (possibly many-valued) travel-
time curve. Thus, it is very convenient to work with them as with one wave.

The refracted wave (without any reflection) would be, in fact, described by
a series of different codes. (For various receiver positions along a profile, the
minimum of the ray of the refracted wave may be situated at different layers.) To
simplify the situation, we can work with the refracted wave separately.

When the source and/or receiver are situated on the interface, it is necessary to
specify a priori at which side of the interface they are lying. Then, the above
described code can be used without difficulties for the description of waves.

3.7.3 CURVATURE AND TORSION OF THE RAY

In certain applications we need to know the curvature and the torsion of the ray.
For example, to compute the principal components of S waves along the ray, we
must compute the integral (2.28), which contains the torsion of the ray. It was
shown in Sec. 3.4.1 that knowledge of T along the ray simplifies the com-
putation of the geometrical spreading.

The presented derivation of the expression for T is due to G. Jobert [80]. The
last three equations of the ray-tracing system (3.2) can be written in the following

vector form d;/ds = grad(v~1). When we take into account that; = o1 t_: we
obtain d(?v -1) | ds = grad(v-1). From this we have

it —do
—_— —— -1
L Tt grad (v1).

-1
(3.80) v =

Using the Frenet formula ’dt_/>ds = ;K, where K is the curvature of the ray, we

can rewrite (3.80) into another form
—_ = -1
(3.807) Ko+ %2~ — grad (01).
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\X/'e see that the vector grad(v-1) lies in the plane determined by the unit vectors
t, n. In other words, the unit b1norma1 b is perpendlcular to the direction of the

ray t and of grad(v).
Itis easy to ﬁnd the expression for T from (3.80'), when we take mto account

that T=h. (dn/ds), another Frenet’s formula. Differentiating (3.80") we obtain

381) T—=5 i (vK grad(v1) = —(@K) 1 b - (grad o).

Equation (3.80") also y1e1ds a simple formula for K. Multiplying it by n we
obtain

(3.82) K= —vingrado= —o-|grad o] sin @,

where @ is the angle between the ray and the direction of grad(v).

3.7.4 COMPUTATION OF RAYS FOR SPECIFIED
SOURCE AND RECEIVER POSITIONS

As it was shown in Sec. 3.2, an arbitrary ray in a three-dimensional (two-dimen-
sional) medium is specified by the coordinates of one of its points and by two (one)
ray parameters ;. That is, the rays are calculated as an initial-value problem.
It is not possible to determine a priori the ray parameters y; for a ray which
connects two points, say the source and the receiver. The problem of computing
a ray between two specified points (two-point boundary value problem) is, however,
important in various applications. Let us only mention the construction of ray
theoretical seismograms. We shall call the procedure of finding the ray between
two points the two-point ray tracing, see [83]. The two-point ray tracing can be
performed in several ways. We shall shortly describe here two basic possibilities.

The first method (also called the shooting method) exploits standard ray tracing,
as described in previous sections. It is possible to put the routine for standard ray
tracing within an iterative loop so that rays can be obtained by specifying the source
and the receiver positions rather than the ray parameters y;. For example, in
two-dimensional media, we can use for iterations the method of halving intervals,
or some of its combinations with the regula falsi method. Both methods, however,
must be used very carefully as the behaviour of rays in laterally inhomogeneous
media may be very complicated. A properly arranged iterative loop should be able
to find all arrivals at a given receiver position. When we have a system of receivers
along a certain profile, it is very useful to compute a ray dlagram for the whole
profile even before iterations.

The second method does not exploit the standard ray—tracmg"techmque.‘ In this
method, an initial ray path is guessed and then perturbed iteratively so as to satisfy
the appropriate differential equation, see [83]. ' ‘
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Both methods have their advantages and disadvantages. Deciding which method
is more convenient in individual situations needs further investigation.

3.8 NUMERICAL EXAMPLES

In this section, we shall present certain examples of computing rays, travel
times, and ray amplitudes in inhomogeneous media. Main attention will be devoted
to the propagation of seismic body waves in two-dimensional laterally inhomo-
geneous media with curved interfaces.

3.8.1 SHORT DESCRIPTION OF PROGRAMS USED FOR COMPUTATIONS

A number of programs for the computation of rays, travel times and amplitudes
of seismic body waves propagating in inhomogeneous media has been written.
In the following, we shall shortly describe some of them.

a) One-dimensional media

A number of routines was written to compute the ray integrals for various
piece-wise continuous velocity-depth distributions. Within individual layers, the
velocity may be constant, linear, or more complicated three-parametric function
of depth. Also cubic splines and smoothed cubic splines have been used to approxi-
mate the v = v(2) or 2= z(v) function, see [49]. The programs are mostly
based on the standard ray theory, see Chap. 2. Some of them, however,
include also various modifications of the ray method (critical region, caustic,
interference head waves), a few others may be used to perform exact computations
in the frequency domain. Certain examples of computations by these programs are
presented in Figs. 3.4-3.13, 7.2-7.6. We do not present here a detailed descrip-
tion of individual programs and their possibilities, as we are interested mainly in
laterally inhomogeneous media.

b) Two-dimensional media

The routines for two-dimensional media differ mamly in the form of the
approximation of the velocity distribution, and in the methods of computation
of the function 7.

Model of medium: The medlum is isotropic and perfectly elasuc The velocity
distribution can be specified by a suitable piece-wise continuous analytic function
or by a grid of velocity values. In the latter case two-dimensional linear approxima-
tion or bicubic splines are used for the approximation of the velocity distribution,
see Sec. 3.7.1. Similarly, interfaces can be specified by a set of cubic parabolas or
by a set of points, which again are approximated by cubic splines. Let us emphasize
that simpler types of media (such as verucally inhomogeneous ones) can be treated
by these programs, too. -

Source: A point source or a. lme source may be considered, see Secsa 2 6.3 and
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3.4.2. The complex directional characteristics of the source may be specified by
a special routine, or it may be taken independent on the angles do and ¢o, see -
Sec. 2.6.3. Most of the computations have been performed for the source specified
by unit symmetric directional characteristics (g(@o, o) = 1 or g(do) = 1). The
source may be situated at any point of the medium.

Computation of rays and travel times: Only the rays of refracted and multiply
reflected waves in the zeroth approximation of the ray theory can be computed.
In most programs, rays and travel times are computed numerically as an initial
value problem from the ray-tracing systems, see Secs. 3.2 and 3.7.4. The systems
are solved by standard numerical procedures, such as the Runge-Kutta’s method.
When a ray impinges on an interface of the first order, the initial conditions for
the ray of a transmitted or reflected wave (according to the numerical code of the
wave under study) are determined, see Sec. 3.2. Some auxiliary quantities along
the ray are stored for the computation of amplitudes. In media composed of homo-
geneous layers separated by curved interfaces, the determination of rays and travel
times is only a geometrical problem; ray-tracing systems are not used in this case.
In a few programs the two-point ray tracing (based on the shooting method, see
Sec. 3.7.4) is used.

Computation of amplitudes and phase shifts: In some programs it is possible
to compute the amplitudes of P waves only, in others also of S and converted waves.
To determine amplitudes we must know the geometrical spreading or the
funtion ¥, the coefficients of reflection / transmission, the conversion coefficients,
the directional characteristics of the source and certain auxiliary quantities. The
computation ‘of all these quantities, with the exception of the function ¥, is
straightforward.

Computation of the function ¥: The function § is in our programs computed
in the three ways, described in greater detail earlier, see Secs. 3.4-3.6.

i) Programs based on the method of partial derivatives have not yet been used
in practical applications, but only for test computations. The computations based
on the additional system (3.56) seem to be rather tedious for practical purposes.
The program based on the additional systems (3.62) or (3.62") will be probably

more convenient.
ii) Programs based on the approximate numerical measuring of the cross-

sectional area of the ray tube, see Sec. 3.5, have been used very broadly. They are
very suitable for routine interpretations. They are fast enough and give satis-
factorily good results, mainly at smaller epicentral distances. The examples in
Figs. 3.16—3.28 were computed by these programs.

iii) The program based on the method of radii of curvature, see Sec. 3.6, is fast
and suitable for routine applications. It is, however, applicable only to media
composed of homogeneous layers separated by curved interfaces. An example
given in Figs. 3.14~3.15 was computed by this program.

Output: Ray diagrams, time-distance curves and amplitude-distance curves in
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graphical and/or numerical form are obtained. Certain other important quantities,
such as the velocity distribution and the form of interfaces may be also printed.

'¢) Three-dimensional media

Programs were written for the computation of rays and amplitudes in three-
dimensional media, in which the velocity distribution is approximated by a suitable
analytic function or by a three-dimensional linear interpolation. Until now the
programs have been used for test computations with simple theoretical models
of media.

3.8.2 VERTICALLY INHOMOGENEOUS MEDIA

In this section we present four simple examples of computations of rays, travel
times and amplitudes in vertically inhomogeneous media. The first two examples
have a testing character. They were used for computations by different methods,
both for one-dimensional and two-dimensional media. In test computations all
these methods gave practically the same results. These test models of media will
be also used in the next chapters: a) to construct ray theoretical seismograms in
Chap. 4, see Secs. 4.5.2 and 4.5.3; b) to explain the {modified ray methods in the
critical region and in the vicinity of the caustic in Chap. 7, see Secs. 7.1.1 and 7.1.2.
The fourth example is included to emphasize the importance of the suitable
approximation of the velocity-depth distribution. All the four examples were
selected to show also the characteristic behaviour of the wave field in certain
specific situations. A great number of other similar examples can be found in
seismological literature. In all the examples, we make the following specifications:
a) we consider a point source of compressional waves with a unit symmetric
directional characteristics; b) with the exception of the third example, both the
source and the receiver are situated near to the Earth’s surface; c) the ray diagrams
are computed with a constant increment in the initial angle of the tangent to a ray;
d) the amplitudes correspond to the vertical component of the displacement
vector.

A) First example

We shall consider a simple model of the Earth’s crust composed of five thick
plane-parallel layers, with the Mohorovi¢i¢ discontinuity placed at the depth
of 40.5 km, see Fig. 3.4. The same model of medium is used in Sec.
4.5.2 for the computation of ray theoretical seismograms and in Sec. 7.1.2
for the investigation of the wave field in the critical region. The computation of
travel times and ray amplitudes is very simple in this case, all ray integrals can be
evaluated analytically. The reduced travel-time curves of primary reflections from
all the five interfaces are presented in the upper part of Fig. 3.5, including the
corresponding head waves. The travel-time curves have a familiar typical form, the
travel-time curves of the head wave are straight lines and are tangent to the travel-
‘time curves of reflected waves at corresponding critical epicentral distances. The
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critical distances for individual waves are marked by, arrows in Fig. 3.5. The ray
amplitude-distance curves of the wave reflected from MOHO and of the corre--
sponding head wave are shown in the lower part of Fig. 3.5. The ray amplitude
curve of a reflected wave has a sharp peak at the critical point (r* = 92.1 km),
where it reaches its magimum. The amplitudes at sub-critical distances are con-
siderably smaller than those at over-critical epicentral distances. The ray amplitudes
of head waves are substantially weaker than those of reflected waves at most epi-
central distances. Only in close vicinity of the critical point they are high. In the
critical region, however, the ray theory fails; the wave field in the critical region
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will be investigated in greater detail in Sec. 7.1.2. It should be noted that the form
of amplitude curves presented in Fig. 3.5 is very typical for waves reflected from
various ‘discontinuitiés within the Earth’s crust and for the corresponding head
waves.

B) Second example

A model of a medium is shown in Fig. 3.6. The model consists of a thick homo-~
geneous layer in the upper part and of a layer with a linear increase of velocity
. in the lower part. The same model of the medium is used in Sec. 4.5.3 for com-
putations of ray theoretical seismograms, and in Sec. 7.1.1 for the investigation
of the wave field in the vicinity of a caustic. There are no interfaces of the first
order within the medium. The ray diagram of a refracted (diving) wave is shown
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in Fig. 3.7. In this figure we can clearly observe an envelope of rays — the caustic.
The caustic separates the illuminated zone from the shadow zone. The time-
distance curve. of the refracted wave is presented in Fig. 3.8. The time-distance
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Fig. 3.5 Above figure: System of time-distance curves of primary reflected waves in the medium
shown in Fig. 3.4. The numbers at curves denote the numbers of reflecting interfaces, from the
top to the bottom. Time-distance curves of corresponding head waves are shown by dashed lines.
Lower figure: Amplitude-distance [curve of the wave reflected from the Moho discontinuity and
. of the corresponding head wave in the medium shown in Fig. 3.4
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curve has two branches, see Fig. 3.8, and has a cusp at the epicentral distance of
% = 120 km, at which the caustic intersects the Earth’s surface. Both branches.
are tangent to each other at the caustic point. The ray amplitude curve of the
refracted wave is shown in Fig. 3.9. It has again two branches, corresponding to
the two branches of the travel-time curve. Both branches reach infinity just at the
caustic, where the ray theory is not applicable. With the increasing epicentral
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Fig. 3.7 Ray diagram of a refracted wave in the medium shown in Fig. 3.6

96



distance the ray amplitudes monotonically decrease along both branches. The
caustic region is investigated more closely in Sec. 7.1.

The model of the medium discussed above is extremely simple. Very often, the
caustics are connected with the triplication of the travel-time curve. In the case
of a loop on the travel-time curve, the cusp points of the loop are usualiy (not
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Fig. 3.8 Time-distauce curve of ajrefracted wave in the medium shown in Fig. 3.6
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Fig. 3.9 Amplitude-distance curve of a refracted wave in the medium shown in Fig. 3.6
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always) the caustic points. Then the amplitudes at both cusps reach infinity.

The triplication also appears often on the time-distance curves of waves reflected .
on curved interfaces between two inhomogeneous media. Again, we usually have

caustic points (with) infinite ray amplitude)’ at] both cusps of the loop. Typical

examples can be seen, e.g., in Figs. 3.24 and 3.26.

C) Third example

We shall now consider a model of a medium with a low velocity channel, see
Fig. 3.10. In Figs. 3.11, the ray diagrams for three various positions of the source
are given. The pictures are self-explanatory, they clearly demonstrate the strong
effect of the low-velocity channel on the wave field, mainly when the source is
situated inside the channel. The seismic energy held within the low-velocity
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channel can propagate over long distances practically without any losses. It should
be noted that individual figures in Fig. 3.11 represent a typical form of a plotter
output of ray diagrams from the above described programs. =
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