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SUMMARY

An efficient algorithm of the network shortest path calculation of rays and
traveltimes of the first arrivals is described. The traveltime error of such computa-
tions is estimated. The rough estimate of the relative traveltime error is evaluated
locally at all network nodes prior to network ray tracing, and is minimized by means
of a proper choice of the sizes of forward stars. In this way, the structure of the
network is adjusted for a particular model and for a particular computer memory.
After network ray tracing, the error estimate is refined and the absolute error
bounds of the calculated traveltimes are evaluated. The method and its accuracy are
demonstrated on numerical examples.
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1 INTRODUCTION

The traveltime field of a wave is generally multivalued, and
its particular definition depends on the kind of application
(e.g. diffracted waves may or may not be considered). On
the other hand, the minimum traveltime of a wave including
all its diffractions is a single-valued function, defined in the
whole model of the medium. This function, also called the
traveltime of the first arrival of the wave, is continuous in
the region of positive propagation velocity (everywhere
except in a free space), but need not be differentiable
everywhere. Throughout this paper, ‘traveltime’ is used to
mean the traveltime of the first arrival of a wave.

At a point, the minimum traveltime may be defined in any
of the following three equivalent ways, each being related to
a class of computational methods:

(1) Fermat’s principle: the global minimum traveltime
over all paths to the point is selected. The number of
possible paths is enormous, but there is an efficient tool to
find the shortest one to each point: Huygens’ principle.
Huygens’ principle may be regarded as the general shortest
path algorithm corresponding to Fermat’s principle. For
example, in a network, the number of possible paths to a
node is too large (an exponential function of the number of
nodes) to be checked, whereas the application of Huygens’
principle to networks yields the very efficient Dijkstra’s
(1959) algorithm. It is this particular application that our
paper is devoted to.

(2) The first-arrival traveltime may also be defined in
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terms of the eikonal equation. The methods based directly
on the eikonal equation may be represented by the
‘finite-difference’ methods mentioned below.

(3) In smooth regions of the model, extreme traveltime
paths obey ray tracing (Hamilton’s) equations following
from Fermat’s principle. In this way, the dimensions of the
space of available paths in Fermat’s principle may be limited
to a few ray parameters. The resulting ray-tracing methods
of traveltime computation are not discussed in this paper.

The computer implementations of the methods based on
approaches (1) and (2) are now, as a rule, developed on a
regular grid of points. Vidale (1988, 1990) proposed a
‘finite-difference’ approximation of the eikonal equation
along an expanding square in 2-D or an expanding cube in
3-D. The 2-D ‘finite-difference’ scheme was improved by
Van Trier & Symes (1991) and applied to anisotropic media
by Dellinger (1991). The obvious causality problems of
Vidale’s approach may be overcome by solving the eikonal
equation iteratively (Schneider ez al. 1992) or along an
expanding first-arrival wavefront, as proposed by Qin et al.
(1992) for 2-D and generalized by Liu (1991) and Wattrus
(1991) for 3-D. However, the accuracy of ‘finite-difference’
solutions of the eikonal equation has not been estimated yet
and suffers from the problems caused by the nature of the
eikonal equation, as discussed below.

Note that the ‘finite-difference’ methods of traveltime
calculation are related much more to the network shortest
path methods than many people would expect. The relation
is much more obvious in the recent paper on ‘finite-
difference’ traveltime computation by Podvin & Lecomte
(1991), supplementing ‘finite differences’ with Huygens’
principle in order to allow much more pronounced



heterogeneities. The eikonal equation describes the size of
the traveltime gradient only, and not its direction.
Differentiating the eikonal equation, we can derive as
high-order derivatives of traveltime along the ray as we
like, but no information on the behaviour of the traveltime
in other directions may be derived from it directly. In this
way, the nature of the eikonal equation allows much more
accurate extrapolation of traveltime in the direction of the
ray than in other directions. In preferring the direction of a
ray to other directions in a finite-difference scheme, in order
to increase the accuracy and stability in strongly
heterogeneous media (Podvin & Lecomte 1991), the
resulting algorithm tends to become similar to network
shortest path methods based on Fermat’s principle. Thus,
finite-difference methods of traveltime calculation are not
supposed to be superior to network shortest path methods,
at least in the field of accuracy.

The network shortest path calculation of seismic rays was
proposed by Nakanishi & Yamaguchi (1986), Moser (1989,
1991), and Saito (1989, 1990). In that approach, based on
Fermat’s principle, the shortest paths (measured in
traveltime) between nodes of a network are approximations
to seismic rays. In this paper, we shall not repeat the
description of the shortest path algorithms, but refer to the
lucid paper by Moser (1991). Only Dijkstra’s (1959)
algorithm, being the base of the proposed efficient
numerical procedure, is briefly mentioned here. Regarding
this paper as a continuation of the paper by Moser, we shall
focus our attention on recent innovations of the shortest
path method.

The computational cost of the proposed shortest path
algorithm increases linearly with the extent of the network
(i.e. with the number of edges of a network), and is not
much higher than the cost of evaluating the wave-
propagation velocity at the network nodes by means of a
3-D B-spline interpolation. On the other hand, the typical
relative traveltime error in 3-D is, at present, of the order of
1 per cent, which is at least one order worse than desired.

In this paper we concentrate mainly on the optimization
of the structure of the network in order to achieve the best
accuracy, and on the estimation of the errors of calculated
traveltime because the importance of the error estimates in
contemporary geophysics is unquestionable. The estimated
maximum traveltime errors are numerically evaluated after
network ray tracing, along each traced ray.

2 SHORTEST PATH ALGORITHM

Let us denote by W the set of network nodes, by €= N X ¥
the set of network edges (also called arcs or branches) and
by FS (i) = {j | [i, /1€ &} the forward star corresponding to
point i € ¥. The network traveltime d(i, j) = d(j, i) between
nodes i and j connected by the edge [i, j] € € is called the
weight of the edge [i, j].

Initially, the traveltime is given at the set & of source
nodes. Dijkstra’s (1959) algorithm can be applied to
compute the traveltime at all other nodes. In Dijkstra’s
algorithm, the source nodes are connected step-by-step with
other nodes. At all times during the solution process, the
nodes are subdivided into three sets:

of: the nodes at which the minimum traveltime has
already been established. A node is added to this set A
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when it becomes connected with all its neighbouring nodes.
%: the nodes connected to at least one node of set o but
not yet belonging to 5. Set % is called the queue.
€: the remaining nodes.

Dijkstra’s (1959) algorithm can be expressed in the
following way:

(1) Initialization:
A=D, B=F, =N—-5;
given (s) for all s € %;
set 7(j) =+ for all j€ €.

(2) Selection:
find i € @ with minimum traveltime ().

(3) Updating:
for all j € FS (i) N B: t(j) = min (7(j), ©(i) + d(, j));
for all j e FS (i) N %6: ©(j) = ©(i) + d(i, j) and transfer j from
€ to B;
transfer i from % to .

(4) Iteration check:
if B = stop;
otherwise go to (2).

When the procedure is finished, storage locations (i)
contain traveltime estimates at all nodes i € .

Denote n the number of nodes in the network, and m the
average number of edges corresponding to a forward star.
The denser the grid covering the model, the greater the
optimum numbers of nodes of forward stars if the structure
of the network is adjusted in order to decrease the
traveltime errors. According to the authors’ opinion, the
optimum numbers of nodes of forward stars for ray-tracing
purposes are proportional to some power of 7,

m~nP, with p > 0. )

For instance, for forward stars optimized according to this
paper (Section 4), p =1/3 in 3-D and p =1/4 in 2-D. Since
m ~nP is much greater than m ~logn, the costs of the
HEAP, BUCKET, and similar modifications of Dijkstra’s
algorithm (Moser 1991) are of the order mn or mnlogn,
and no modification of the Dijkstra’s algorithm is probably
cheaper than

cost ~ mn, i.e. cost =kmn 2)

for ray-tracing purposes.

Thus the cost of an algorithm depends only on the
constant of proportionality in (2), i.e. on the average cost k
of updating one endpoint of one forward star. The unit
updating cost k is minimum for Dijkstra’s original algorithm
with unsorted queue %. The problems with finding the
minimum traveltime node in queue % can be overcome by a
simple trick known from the BUCKET algorithm.

There are positive d,;, and d,,,, such that

d(l’ .’) € (dmin’ dmax) U {+°°}' (3)

Taking advantage of the fact that all edge weights
d(i, j) = dmi, We separate the nodes from queue 9 into
intervals of lengths d,;, according to their traveltime. In
updating the traveltimes in Dijkstra’s algorithm, the
updated nodes belong to intervals higher than the current
minimum node i, because of (3). The nodes from the lowest
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non-empty interval are not affected. Thus, in Dijkstra’s
algorithm, the minimum node i need not be the queue node
with minimum traveltime. It is sufficient to substitute it with
an arbitrary node from the lowest non-empty interval. At all
times, the maximum number of non-empty intervals is
Ag + 1, with

Aq = int (dmax/dmin) +1. (4)

In selecting a node i/ from the lowest non-empty interval, it
is necessary to examine roughly Aq queue elements on the
average. In a 3-D case, Agq is of the order Ag ~m'?, and
selection of i from an unsorted queue 2 is negligible with
respect to updating (order m). The final algorithm is the
above-mentioned Dijkstra’s algorithm with the following
modification:

INTERVAL modification of Dijkstra’s algorithm:
(2) Selection is replaced by:
if the current lowest interval is empty, switch to the next
non-empty interval;
select any i € % from the current traveltime interval.

In the computer implementation of the INTERVAL
modification of Dijkstra’s algorithm, the addresses of
elements of & U % are stored in array Q. Since the elements
of B are concentrated near the end of Q where new
elements of B are added, leaving most of the & elements in
front of them, it is useful to keep in mind the index q,,;, of
the first element of B in Q. The selection of node i from Q is
then performed between indices ¢ in and x> Where g ..
is the last node stored in Q. ¢,., may be updated when
switching to the next non-empty interval.

On a PC/AT-486, the unit updating cost k in (2)
approximately corresponds to four floating-point operations,
which is nearly five times faster than Moser’s (1991) coding
of the HEAP algorithm (see Fig. 1). The same ratio of
computation times as on a PC has been observed on the
workstation HP Apollo 720.
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Figure 1. Computation time on PC/AT-486/33 MHz for Moser’s
(1991) coding of the HEAP and our coding of INTERVAL
modifications of Dijkstra’s algorithm. Cubic 3-D ‘Moser-Saito’
forward stars of level npg=8 have m =4034 edges inside the
network; n is the number of nodes covering the 3-D cube-shaped
model.

3 TRAVELTIME ERRORS

To set up locally the optimum sizes of forward stars, we
have to estimate the local relative traveltime errors and their
dependence on the sizes of forward stars. This should be
carried out prior to network ray tracing, when the directions
of rays are unknown. Some of these estimates are thus
worse than the error estimates made after ray tracing.

We define the local relative traveltime error at a point,
including its sign, as

Pt = (ATupTwoORK — Atpxact)/ ATexacts &)

where A7 is the traveltime along the part of the ray situated
in the vicinity of the point.
Similarly we define the absolute traveltime error as

0T = TypTwWORK ~ TEXACT> 6

including its sign. Note that the absolute error (6) is the
integral of the relative error (5) along a ray, with respect to
traveltime.

The bounds for the local relative traveltime error (5),
which can be determined before network ray tracing, are
designed to facilitate the optimization of the sizes of forward
stars. Forward stars minimizing the prior local relative error
bounds are chosen. There seems to be no reason to estimate
absolute errors prior to ray tracing.

More precise errror estimations are possible after ray
tracing. The refined bounds for the absolute traveltime error
(6) may be estimated at any point of the model.

The traveltime errors have several sources: discretization
of the directions of propagation (Section 3.1), space
discretization of points along rays within smooth geological
blocks (Section 3.2) and across structural interfaces (Section
3.3), and the inaccurate discretization of reflectors in the
case of constrained shortest path ray tracing (Section 3.4).
These partial errors, components of the total traveltime
error, are studied in the following subsections.

3.1 Network-geometry error

In this section, we assume the network nodes form a
regular grid, i.e. a grid periodic in space. No other
assumption of a specific grid structure is made until Section
5 (except for Section 3.3.2), where a rectangular grid is
chosen.

In optimizing the sizes of forward stars to increase the
accuracy of ray tracing, the network is not as regular as if all
forward stars were similar. Here, by ‘similar’ we understand
that the projections of the edges corresponding to a forward
star onto a unit sphere are the same for all forward stars
sufficiently distant from the boundary of the computational
volume covered by the network. The edges are projected as
spatial geometrical objects, irrespective of their weights (see
Fig. 2). However, in this section we assume that the model
is sufficiently smooth to render the network locally regular:
all forward stars in sufficiently large regions are similar.

The network shortest path cannot follow the exact ray, it
is forced to deviate slightly from the exact ray in order to
pass through the network nodes. Thus the network shortest
path is slightly longer than the exact ray. In this section we
shall estimate the maximum relative traveltime error caused
by the discretization of possible ray directions. To



Figure 2. Projection of edges, corresponding to a forward star, on
to a unit sphere.

distinguish this network-geometry error from other sources
of errors, we shall assume that the shortest path between a
pair of consecutive network nodes follows the two-point ray
between the pair of nodes. The error caused by replacing
the two-point rays by lines composed of several straight
segments is studied in Section 3.2.

Let us denote gq,, ¢,, g; the orthogonal ray-centred
coordinates (Popov & PSentik 1978) along the exact ray, g,
being the ray arclength, and ¢q., K=1,2 being the
orthonormal coordinates in the wavefront tangent plane. In
ray-centred coordinates, the slowness vector of the exact ray
qx =0is (0,0, v™"). The network shortest path g, = g«(g3)
is composed of the paraxial two-point rays between
consecutive network nodes. The angular deviations

94

24, )

Yk =
of the shortest path from the exact ray are approximately
constant between consecutive network nodes. The slowness
vector of the shortest path is approximately

PK=U_IYK» p3=Vv~ (I_YKYK)zU_l( —3Yx¥k)-  (8)

Here the summation is performed over pairs of identical
indices. The lower case indices take the values i,j,...=
1,2, 3, whereas the upper case indices take the values
K, L, ...=1,2

The shortest path traveltime is

89«

TNETWORK — jPi dg; = j(Pg + Pk 5q—> dq,
3

=~ fv_l(l + %YKYK) dq3=Texactt f%YKYK dr,
)

where the integration is performed along the network
shortest path approximation of the ray. The network-
geometry error

1
b1, [revede (10)

is zero if the exact ray passes through the network nodes,
and increases if the angular deviations y, = 3q,/3q, from
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the nearest network edges increase. Thus, in a given
network, there exists a direction of the exact ray with the
worst relative network-geometry error. The maximum
network-geometry error occurs if the whole exact ray
follows the worst direction. This is possible in a
homogeneous medium, whereas in a heterogeneous medium
at least a part of the ray probably traces a better than the
worst direction.

Since the maximum network-geometry error occurs in a
homogeneous medium, in the remainder of this section we
shall restrict ourselves to a homogeneous medium. The
resulting estimate of the maximum relative network-
geometry error will also be its upper limit in a
heterogeneous medium.

Assume a sufficiently long ray Q in a homogeneous
medium. Let us choose, on a unit sphere, a local
orthonormal coordinate system with the origin in the
direction of ray Q. Let us project the edges corresponding
to the forward star onto the unit sphere and denote y,,,
Yx2, Yk the coordinates of three directions Q,, Q,, Q5
contained in the forward star, along which the network
shortest path approximation of the ray Q is realized. If the
length of the projection (onto the exact ray) of the path
leading in direction Q; is 1;, the relative network-geometry
error is

pei@) =[ 3, VAT G + (72 = tisencr ] Femacr

1 3
R — 2 r,-[(y”)z + (Yzi)zl, (11)
2TgxacTi=1
where
Texacr=T1 T T2+ 73 (12)

is the length of ray € expressed in terms of traveltime. In
order to reach the end of ray Q, the following set of two
equations has to be satisfied,

YaTi = 0. (13)
Egs (12) and (13) yield

3
T; = TexACT P:/ 21 P, 14
j=
where
P = %ij)’lj)’zk (15)

is the area of the unit-sphere triangle given by direction Q
and two of the directions Q, opposite to Q; (see Fig. 3).
Here €, is Levi-Civita’s symbol: €53 = €53, =€3,=1,
€132 = €313 = €33 =—1, €,;, =0 if two indices are equal.
Inserting eq. (14) into eq. (11) we arrive at

1 3 3
T =3 2 W’/ 2 P, (16)

where
Y= V(ru)" + (v2) @an

is the angular distance between directions Q and Q; (see
Fig. 3).

Substituting v,, —x, for y,; into eqs (15) and (16), and
differentiating eq. (16) with respect to x;, x,, we find that
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1

Figure 3. Ray Q, and edges Q,, Q,, Q; corresponding to a forward
star, projected on to a unit sphere.

the maximum relative error pz,(2) within triangle Q,, €,,
Q, occurs for

Y1=Y2= V3 (18)

it means for Q in the centre of the circle circumscribed to
triangle Q,, Q,, Q,.

Since the maximum error pt,(RQ) within triangle Q,, Q,,
Q, depends only on the radius of the circumscribed circle,
the maximum relative network-geometry error over all
directions is given by

pT =50 (19)

where r is the radius of the largest circle on the unit sphere
containing no direction of an edge corresponding to a
forward star. The actual value of the local relative
network-geometry error is somewhere within the interval
(0, pt,, ), with pt,, given by eq. (19). This error bound
may be estimated prior to ray tracing. The bounds of the
absolute network-geometry error may be estimated a
posteriori as

ot,, = f%rz dr. (20)

Here quantity 3%, characterizing forward stars at the
network nodes, is integrated along the network shortest
path approximation of the ray.

3.2 Error due to heterogeneities

The traveltime is evaluated by the numerical quadrature of
slowness u = v~! with respect to the arclength s, using the
trapezoidal rule. For each edge, slowness u is linearly
interpolated from its values at the two endpoints (nodes) of
the edge. Therefore, this quadrature may be called a
two-point approximation. Step As along the ray varies
within the limits

0<As <hg., (21)

where h,,,, is the maximum length (in length units) of the
longest edge of the local forward stars.
The error of the trapezoidal rule is about

> eu e;As’, (22)
As

where
€= u_lpi =Up; (23)

is the unit tangent vector to the ray, p; being the slowness
vector. In eq. (22),

du u
u; =
9x; 9x;

u; 5x_’

i

24)

are the partial slowness derivatives. The error due to

neglecting the ray curvature is about

2D (8, — eepuu ™ wAs>, (25)
As

Then, the error of the two-point (trapezoidal) traveltime
approximation is about

81, =15 2, e;Uye;As”, (26)
As

with

Uy =y — 3w 'u;+ 38,0 uy 1))

being a symmetric 3 X3 matrix. In terms of propagation
velocity v,

Uj=(-v;+3vv7 'y + 36,00 3, (28)

with

L A 29
" oax,’ i’_axiax,’ 29)

The first term on the right-hand side of eq. (27) corresponds
to the trapezoidal rule and may nearly be eliminated by the
multipoint approximation (Moser 1992, Section 6.3). The
remaining two terms correspond to neglecting the ray
curvature and cannot be simply eliminated by the multipoint
approximation. Note that for the multipoint approximation,
eq. (28) would read

U, =(-1v,v v, + 16, v, v o v 2 (30)
iy 7 7

The error due to heterogeneities may be estimated a
posteriori, after ray tracing, using eq. (26). The summation
in eq. (26) is performed over all edges forming the shortest
path, As being the actual lengths of the edges.

A priori, before ray tracing, neither the ray tangent
vectors e; nor the actual lengths As of edges are known. On
the other hand, we need to estimate, at least locally, the
possible range of the relative error prior to ray tracing in
order to adjust the sizes of forward stars. The local relative
value corresponding to eq. (26), pt,=(v/12)e,Use;As?,
may be limited using inequality (21) and bounding e;Uje; by
the least and greatest eigenvalues. The local relative error
due to heterogeneities is then within the interval
{pT,_, P15, ) Whose limits are

prr = (35 )Uss 9T = (35U BD

Here
U, =max (0, UV, U?, U®),
U_=min (0, UV, U®, U®),

UM, U®, and U® being the eigenvalues of the real
symmetric matrix (27), (28).

(32)



Note that h,,, in eqs (31) is the radius of the forward
star, i.e. the length of its longest edge measured in length
units (do not confuse with edge weights d(i, j)). The value
of k., may be locally adjusted by a proper choice of the
sizes of forward stars.

3.3 Error due to structural interfaces

There are two kinds of errors caused by the presence of
structural interfaces in the model. The first, principal error
is discussed in this section. The second, connected with
reflections, is discussed in Section 3.4.

3.3.1 Long edges across interfaces

As in Section 3.2, the traveltime is assumed to be evaluated
by means of a two-point approximation. The arithmetic
average of the slownesses of the incident and generated
waves is taken for the edge of the shortest path trajectory
(ray) intersecting a structural interface. It may (and usually
will) differ from the actual average along the edge by
|Au|/2, where Au is the change of slowness u at the
interface. Since the maximum limit for step As along the ray
is .y, the total error caused by structural interfaces is, at
most

8Ty =~ — 222N 1 Aul, (33)

where the summation is performed over all interfaces S
intersected by the ray. Since the shortest path algorithm
prefers rays with less traveltime, this error will probably be
negative. That is why we have put the minus sign into eq.
(33) and assume the upper bound to be

874, ~0. (34)

If a wave reflected from a given surface is traced, and if
the velocity at the other side of the interface is greater than
the propagation velocity of the incident or reflected wave,
Au has to be the difference of the slownesses at both sides of
the interface, i.e. slightly greater than the difference of
slownesses of the incident and generated waves. However,
this can be avoided by annulling the velocity at the other
side of the interface, which is also desirable for far more
serious reasons (e.g. eliminating head and refracted waves if
only a reflected wave is being traced).

Unlike the geometry error (Section 3.1), the error due to
structural interfaces is expected to reach its rough maximum
estimate (estimate 33) more frequently. Moreover, in the
presence of structural interfaces, the error bound (bound
33) is probably considerably larger than the heterogeneity
error (error 26).

3.3.2 Short edges across interfaces

The error (33) may be considerably reduced if all edges
crossing structural interfaces and longer than a specified
limit are eliminated from the network. For a regular
rectangular network, the limit chosen by the authors is

Prin VN (35)

where h,,,, is the grid interval, and N=2 or N =3 for 2-D
or 3-D networks, respectively. The error is then in the
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interval {8t,_, 875, ). The lower limit

_ hmin\/ﬁ

ot;_= 5

g |Au| (36)

may be reached for normal incidence in the direction of a
network edge of length hmin\/ﬁ. The upper limit

8Ty = My 2 min(V2 @ — V(ttgae)* — (VN — V2)2%, )

@37

may be reached for the ray of a head wave forced to
propagate at a distance of about A, ;, from the interface.
Here @ = (Ug,e + Ugow)/2 is the average of the slownesses
U, and U, at interface S, g,y < Ugo,,- Error bounds (36)
and (37), unlike error (33), are independent of the sizes of
forward stars. Thus, with this modification based on
eliminating long edges between different geological blocks,
the error due to structural interfaces need not be taken into
account in optimizing the sizes of forward stars. It may be
evaluated after ray tracing. Error bounds (36) and (37) are
proportional to the grid interval A ;..

3.3.3 Zero-length edges across interfaces

Furthermore, the error due to structural interfaces may be
eliminated completely,

815, =0 (38)
by the following modification of the network:

(1) a sufficiently dense system of pairs of nodes covering
each interface is added to the network. The nodes of a pair
have the same position, but belong to the opposite
geological blocks. The nodes of a pair are connected by an
edge of zero length and this is the only connection between
different geological blocks.

(2) The nodes at interfaces are connected by edges to the
gridpoints within the same geological block, up to a
specified distance.

(3) The edges between gridpoints of different geological
blocks are eliminated completely.

Unlike other options, the option described in this section
has not been coded by the authors.

3.4 Error due to reflections
3.4.1 Reflector moved to gridpoints

In some computer implementations of the constrained
network shortest path computations of reflected waves, the
exact reflector is moved to the nearest network nodes which
may be as far as h,,/2 from the actual interface. Here h,;,
expresses the density of the grid of nodes, and will be used
later on as a reference length-scale. Its specific meaning
depends on the kind of grid. For example, in the case of a
regular rectangular network, A, is the grid interval. The
corresponding error is in the interval (87, b1, ), where

h .
8T =t 22> u (39)
2 R

The summation is performed over all reflection interfaces R,
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taking each reflection interface twice: once for the incident
wave and once for the reflected wave. For a fixed set of
network nodes, this error cannot be influenced by the choice
of the forward star. Since this error is independent of the
sizes of forward stars, and even centred at zero, it need not
be taken into account in optimizing the sizes of forward
stars. Error (39) is of the same order as errors (36) and (37),
and may also be eliminated in the same way.

3.4.2 Exact reflector
To eliminate the error due to reflections,
814, =0, (40)

it is sufficient to define formally a sufficiently dense system
of receivers exactly at a reflector and to use them, with
resulting arrival times and error estimates, as sources for
subsequent network ray tracing.

3.5 Total posterior traveltime error

In Sections 3.1 to 3.4, a sufficiently dense grid of network
nodes with respect to model inhomogeneities has been
assumed. Under this assumption, the resulting traveltime
error should fall into the interval {87_, 87, ), where

01, =81,4 + 61, + 873, + 674, (41)

Here 61,, are given by eqs (20); 07, is given by eq. (26);
b7, are given by egs (33) and (34), or €gs (36) and (37), or
eqs (38), depending on the algorithm used; and 47,, are
given by egs (39) or by eqs (40), again depending on the
algorithm.

The network-geometry error, bounded by 87, given by
eqgs (20), and error 87, due to heterogeneities given by eq.
(26) are closely connected. In optimizing the sizes of
forward stars, both of them are mainly due to the presence
of smooth heterogeneities inside geological blocks, and are
roughly proportional to the grid step. Only these two errors
are non-zero in egs (41) if there are no structural interfaces
or reflectors.

The error due to structural interfaces bounded by o754
might be dominant and very large if long edges across
interfaces were not eliminated. It would then increase with
the slowness contrast at interfaces, decreasing more slowly
than linearly with the grid step for forward stars of
optimized sizes, with bounds given by egs (33) and (34) of
Section 3.3.1. If long edges across interfaces are eliminated,
this error is wusually reduced considerably, and is
proportional to the grid step, with bounds given by eqs (36)
and (37) of Section 3.3.2. In usual models with interfaces,
the bounds of this error are probably larger than é7,, and
61,. This error may be eliminated completely (38) if the
method described in Section 3.3.3 is applied. Thus the
extent of this error depends on the algorithm used.

The error bounded by 41, is caused by reflections from
the reflectors moved to the nearest gridpoints, it has similar
magnitude and properties as the error due to interfaces
described in Section 3.3.2, and its bounds are given by eqs
(39) of Section 3.4.1. This error may simply be avoided (eqs
40) if the algorithm described in Section 3.4.2 is used.

4 OPTIMIZATION OF A FORWARD STAR

In this section we shall set up the locally optimum sizes of
forward stars at points inside smooth geological blocks. The
optimum sizes will minimize the a priori bounds of the local
relative traveltime error, caused by the network geometry
(Section 3.1) and smooth heterogeneities (Section 3.2).
Rejecting long edges between different geological blocks
(Section 3.3.1), the errors due to structural interfaces
(Sections 3.3.2 and 3.3.3.) and reflections (Section 3.4) are
independent of forward star sizes, vanish inside geological
blocks, and thus will not be taken into account in locally
optimizing the sizes of forward stars.

4.1 Local relative traveltime error
We introduce the relative radius
nh = hmax/hmin (42)

of the forward star with respect to the interval A,
describing the density of the grid of nodes. Grid interval
A is independent of the size and structure of the forward
star. Yet, n, is a formal dimensionless parameter.
Parameters n,, h,,;, and h,. will take a more definite
meaning for a specific kind of grid of nodes (e.g.
rectangular).

In a regular grid, the radius of the largest circle on the
unit sphere, corresponding to the forward star (see eq. 19),
cannot be asymptotically less than

rz\/ZcTn;l (43)

where constant ¢, differs for different kinds of grids, but is
independent of the grid density. For a rectangular grid, it is
specified in Section 5.

The limits of the local relative traveltime error

pT=pT, +pT; (44)
are
PTL=Crng +cpny,  pT_=con, (45)

where ¢, is independent of A,;,, and of the velocity model,

Cryp = % U+hr2nin
(46)
v
_=—U_K>,
) 12 U min

(see egs 19, 31 and 32).

4.2 Optimum size of a 3-D forward star

It is obvious that, in order to minimize the error bounds in
eqs (45), the grid of network nodes should be as dense as
the computer memory will allow. The computation time is
now less restrictive than the computer memory for our
algorithm. The denser the grid, the smaller £, in eqs (46).
For a given grid (given h,,;,), the error bounds in eqs (45)
should be minimized by a proper choice of size n, of the
forward star.
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The maximum absolute value

y(ny) = max (p7., [pT_|)

-2 2
= max (Cl+nn + c2+nhr |CZ—| ni) (47)
of the local relative error has its minimum for
1/4
Civ
n, = [ ] . (48)
max (¢4, le;| —¢24)

4.3 Reduction of a forward star

The forward stars may be sized by n, (see eq. 42). For a
given n,, the largest forward star not exceeding size n,, is
the one connecting its central node with all nodes within
radius h,. = 0,0, There exists the angular radius
r =r(n,) of the largest circle on the unit sphere (see eq. 19)
corresponding to this forward star. Function r(n,) is
piecewise constant, not increasing, of asymptotic behaviour
(43) (see Fig. 4). We select forward stars corresponding to
discontinuities of the piecewise constant function r(n,).
Other forward stars may be rejected, since they have
undesirably large sizes n, with respect to r.

For a given n,, of course, we reject all forward stars of
larger r than the minimum r(n,). From the remaining
forward stars of optimum r, a single forward star should be
selected for each central node. Note that in most kinds of
regular grids, the space structure of a forward star may be
independent of its central node. Some criteria may be used
for the selection of a forward star, e.g. the minimum
number of its edges (i.e. minimum computation time), or
the minimum length of its edges (i.e. smaller errors 26). The
authors prefer the latter criterion, taking the forward star
connecting its central node with all nodes within radius
Ronax = Nyhin. and removing all edges that can be removed
without increasing r, starting with the longest ones. Note

that the differences, in relation to the first criterion, in the
number of remaining edges corresponding to the forward
star are insignificant.

5 NUMERICAL PROCEDURES

While the preceding sections assume a general regular
network, in the following, a rectangular equidistant regular
grid with grid intervals A, is assumed.

5.1 Reduction of a 3-D forward star in a rectangular grid

In a rectangular grid of grid interval A, in all directions, n;
takes integer values for all forward stars. Discontinuities of
function 7(n,) (see Section 4.3) appear for all nz = nis +1,
all nZ=nig+2, and, at least in seven cases, for
n; = nis + (another small integer). Here ngg is a positive
integer called the level of the forward star. Note that ngg is
the half-length of the edge of the smallest cube containing
the forward star, expressed in grid intervals h,,;,.
Nevertheless, we select n3 =nig+2, because the product
n,r(n,) corresponding to forward stars of the remaining n,
is unreasonably high compared with the nearest forward star
of size nj; =nis+2 (note that ni =nis+1 is selected in
2-D).
For these 3-D forward stars,

n,=Vnis+2=~ngg (49)
and
1 1 1 1
2 or 2 (50)

rz—————-—-—‘z———— e~ T
22+ 1) 2nig ") 2k

in (19).
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In view of eqs (50),
C14+ = %) (51)

in eqs (45) for a rectangular grid (note that c,, =~ in 2-D).
In view of eq. (49), ngs may alternate with n, in eqs (45)
while expressions (51) and (46) for ¢,, ¢, and c,_ are
considered to apply. Significant discrepancies between the
use of ngg and n, appear especially for ngs=1 and ngs =2,
which are unlikely to be used in practice because of small
accuracy.

Whereas an unreduced spherical forward star of size n,
has about m = (4/3)an}, edges, a reduced forward star has
approximately m =~ (16/3)sn%g corresponding edges which is
about 4/n, less for large forward stars. With respect to
cube-shaped forward stars' (Moser 1991), the number of
edges at the same maximum network geometry error is less
by a factor of nearly 2/ngs. Moreover, the heterogeneity
error of the cube-shaped forward stars is three times
greater.

5.2 Generating a grid of nodes

The typical extent of 3-D networks for shortest path
computation of rays is about a million nodes. Such a number
of slowness values can hardly be treated as a set of
independent model parameters. Moreover, the model
should be sufficiently smooth to keep the accuracy within
some limits. Thus, slowness (or velocity) values at network
nodes should not be considered to be the primary
representation of a seismic model. The primary model
should be smooth if possible, and described in terms of
model parameters, the number of which is not significantly
greater than the number of parameters necessary to describe
determinable properties of wave propagation in the
corresponding geological structure. The number of network
nodes should then be limited by our computational power,
the slowness values at nodes being evaluated with the help
of the primary model. If a more powerful computer is
available, the number of network nodes can be increased in
order to increase the accuracy of traveltime computation,
while the primary model will remain the same, representing
the geological structure rather than our computational
capabilities.

The authors represent the primary models in the way
described by Cerveny, Klime§ & PSen&ik (1988), using
FORTRANT77 software based on that paper. The program
package is available from the authors. The models are
developed, using ‘solid modelling’, from smooth repre-
sentations of geological blocks separated by smooth
interfaces (see also Gjdystdal, Reindhardsen & Astebgl
1985). Both parts of the structural interfaces and the
velocity distribution in the individual smooth geological
blocks are interpolated employing 3-D tri-cubic B-splines or,
possibly, splines with tension (Cline 1981).

The number of gridpoints in a rectangular grid of network
nodes is specified by the user, probably taking advantage of
the whole available computer memory. The disk file with
propagation velocities at all gridpoints is generated. If the
model contains structural interfaces, the geological blocks
are indexed and also the indices of geological blocks at all
gridpoints are generated (see Section 3.3.2). These input
data for the network ray tracing may be generated by

arbitrary user’s model-building software. The network ray-
tracing program is fully independent of the author’s
model-developing software.

5.3 Network shortest path computation

Optimized, reduced forward stars of locally optimum sizes
are centred at all nodes of the network coinciding with
gridpoints. The forward-star edges protruding outside the
grid of nodes, and thus not terminating at any gridpoint, are
cut off. Also, long edges between different geological blocks
(Section 3.3.2) are cut off (optionally, if blocks are
indexed). All other forward-star edges are in effect. The
source and receiver nodes are added to the network. Full
spherical forward (at source points) or backward (at receiver
points) stars are centred at these new, extra nodes. The
velocities at the extra source or receiver nodes are estimated
by interpolating from the nearest regular grid nodes.

Two-point approximation is used. The weights of the
network edges (i.e. traveltimes between nodes) are, for the
present, approximated by the trapezoid rule,

d(i, j) = 3[u(@) + u(NIG, j) (52)
where h(i,j) is the Euclidean distance between nodes i
and j.

Once the forward stars are known, we find the minimum
finite slowness u,,;, over all network nodes. Then we choose

dmin = uminhmin (53)

in eq. (3), and the INTERVAL modification of Dijkstra’s
algorithm is performed. Note that the source and receiver
nodes not contained in the regular grid are treated
separately, before and after running the INTERVAL
modification of Dijkstra’s algorithm. In this way, eq. (53)
applies just to the nodes of the regular rectangular grid.

6 NUMERICAL EXAMPLES

The three presented example models are fully artificial and
not related to the actual Earth. The first model (Section 6.1)
has been used by Podvin & Lecomte (1991) to study the
accuracy of the ‘finite-difference’ computation of travel-
times. The third model (Section 6.3) was originally
introduced as a demo model for the Complete Ray Tracing
program package by Cerveny et al. (1988). The package is
employed to manage the models and to interpolate velocity
distributions, and has also been used to trace the reference
rays in the second and third examples.

The traveltimes calculated by the shortest path algorithm
(program NET, version 1.30) have been compared with the
analytical solution (Section 6.1) or with the results of ray
tracing performed by means of the above-mentioned
package (Sections 6.2 and 6.3). The actual relative
traveltime errors were then compared with the correspond-
ing estimates of the maximum absolute values of the errors.

6.1 Constant-velocity gradient model

In this 1-D model, velocity increases linearly with depth.
The velocity ratio between top and bottom is 1:3. The
source is situated at the left-hand top corner of a vertical



square in which 2-D network ray tracing has been
performed.

The 2-D grid of 201 x 201 nodes (200 x 200 cells) was
chosen to cover the square. The network traveltimes
calculated at the gridpoints have been compared with the
analytical solution to form the actual network traveltime
errors. The actual relative network traveltime errors are
compared with the estimated maximum errors in Fig. 5.
Note that the actual relative traveltime errors of the
‘finite-difference’ computation of traveltimes in this model
have been given by Podvin & Lecomte (1991, Fig. 13c).

Figure 5. Constant-velocity gradient model, velocity ratio 1:3.
Comparison of actual network traveltime errors with estimated
maximum errors. (a) Actual relative traveltime errors. (b)
Estimated maximum relative errors. (c) Ratio of actual to estimated
maximum errors. Since the relative errors are independent of the
velocity scaling and model dimensions, the axes are unlabelled. The
source is situated at the uppermost, leftmost gridpoint. The forward
stars are optimized according to this paper.
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Figure 5. (Continued.)

6.2 Model without interfaces

The velocity distribution in a box of horizontal dimensions
40km x40km and a depth of 20km, is smooth. The
velocity at the plane surface is 3kms™' everywhere. The
velocity at the depth of 20 km oscillates between 5 km s!
and 6kms™', with minima and maxima 10km apart (see
Fig. 6). Along each vertical line, the velocity varies linearly.

Xy

Figure 6. Model without interfaces. (a) Velocity isolines along the
bottom of the mode! at a depth of 20 km. Velocity at the surface is
constant, v=3kms '. (b) Velocity isolines in the vertical section
X, =5km.
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Figure 7. Model without interfaces. Comparison of network

shortest path rays with exact rays computed in the original smooth

model. (a) Projection on to the surface. (b) Projection on to the

vertical section parallel with the x, axis.

The point source is situated at a depth of 20 km, in the
centre of the bottom of the model. Receivers are placed on
the plane surface, forming a somewhat irregular star with 14
arms.

A grid of 100 x 100 x 50 = 500 000 nodes was chosen. The
resulting network shortest path rays are plotted in Fig. 7.
The actual traveltime errors at 66 specified receivers are
compared with the estimation of maximum errors in Table
1. The estimated maximum errors are the maximum
absolute values of the error bounds estimated a posteriori.

6.3 Model with a lenticular inclusion

The 3-D model consists of two layers and of a lenticular
inclusion with edges, situated in the upper layer (see the
schematic Fig. 5 in Cerveny et al. 1988). The 3-D lenticular
inclusion is embedded in the 2-D model of the two layers.
The velocity in the upper layer increases linearly with depth,
from 4 km s~ ! at the surface to 6 kms™' at a depth of 20 km,
and has no lateral variations. The lenticular inclusion
(6kms™') and the bottom layer (7kms™') are homoge-
neous. Model dimensions are 60 km X 40 km X 30 km.

The source is situated in the bottom layer at a depth of
20 km, close to the structural interface under which it is
situated. Receivers are placed on the curved Earth’s surface,
roughly following a straight profile but not situated exactly
on the profile. Only the direct refracted P wave is
computed.

Table 1. Model without interfaces. Comparison of network
shortest path traveltimes tygy computed by authors’ program
NET (version 1.30) with traveltimes t calculated by the Com-
plete Ray Tracing program. For these purposes, the
reference traveltimes 7 are regarded as exact. Receiver coordin-
ates are denoted x,, x5, x3, and 8Tyt = max (|61_|, |07, |) (see
eqs 41) are the maximum traveltime errors estimated by
program NET. The point-source coordinates are (0, 0, —20).

z3 Z2 T3 T TneT 6Tner Taer—T

19.522 6.062 0.000 6.872 6.881 0.030 0.009
11.029 17.229 0.000 6.741 6.748 0.028  0.007
-17.633 18.451 0.000 7911 7.919 0.034 0.008
13.999 4646 0.000 5918 5926 0.028 0.008
7.736 13.166 0.000 5.937 5944 0.026 0.007
0.488 16.838 0.000 6.268 6.277 0.027  0.009
-7.884 15.544 0.000 6.393 6.404 0.029 0.011
-13.600 14.330 0.000 6.886 6.892 0.031  0.007
-16.177 11.393 0.000 6.818 6.824 0.029 0.006
-10.814 -19.827 0.000 7.134 7.142 0.030 0.008
19.418 -19.802 0.000 8.317 8.324 0.033  0.006
9.234 3312 0.000 5.279 5.289 0.028 0.010
4717 9274 0.000 5.315 5.323 0.028 0.008
-1.026 12.339 0.000 5.672 5.683 0.026 0.011
-6.752 12.096 0.000 5962 5969 0.025 0.006
-10.678 11.049 0.000 6.227 6.232 0.027 0.005
-12.946 8326 0.000 6.175 6.183 0.025 0.007
-15.475 1.776 0.000 6.083 6.093 0.028 0.010
-15.448 -5.966 0.000 6.193 6.200 0.027  0.007
-7.883 -15.401 0.000 6.275 6.281 0.026  0.006
-0.334 -18.502 0.000 6.520 6.528 0.029  0.008
9.271 -16.690 0.000 6.645 6.654 0.030 0.009
15.158 -15.522 0.000 7.220 7.229 0.033  0.008
17.777 -11.970  0.000 7.064 7.071 0.029  0.007
5.616 2243 0.000 4.988 4.996 0.025 0.008
2.575  6.128 0.000 5019 5.028 0.026 0.009
-1.524 8683 0.000 5.310 5.315 0.023 0.005
-5.543 9.201 0.000 5.613 5.616 0.022 0.003
-8.433 8468 0.000 5.793 5795 0.023  0.002
-10.237  6.226 0.000 5756 5.762 0.024  0.007
-11.458 1.667 0.000 5.593 5.598 0.025 0.005
-10.327 -4.418 0.000 5420 5.427 0.029 0.007
-4.948 -11.065 0.000 5.524 5.529  0.029 0.005
1.341 -13.750  0.000 5.852 5.863 0.027 0.010
7.735 -13.002 0.000 6.128 6.135 0.025 0.007
11.818 -11.860 0.000 6.420 6.422 0.028 0.002
14.184 -8.603 0.000 6.318 6.326 0.028  0.008
17.202 -0.826 0.000 6.315 6.326 0.029 0.010
2.895 1.319 0.000 4.882 4.892 0.028 0.010
1.203 3.588 0.000 4.902 4915 0.027 0.013
-1.305 5453 0.000 5.054 5.063 0.024 0.009
-3.994 6297 0.000 5.264 5269 0.022 0.005
-6.163 5977 0.000 5.400 5403 0.021 0.003
~7.487 4353 0.000 5.381 5388 0.023  0.007
-7.842 1226 0.000 5.224 5.232 0.023 0.007
-6.411 -3.064 0.000 5.041 5.051 0.028 0.010
-2.709 -~7.485 0.000 5.116 5.124 0.025 0.008
1.957 -9.936 0.000 5448 5455 0.024 0.006
6.381 -10.071  0.000 5.754 5.760 0.023  0.006
9.379 -9.117 0.000 5932 5937 0.024 0.005
11.292 -6.439 0.000 5.865 5.871 0.024 0.006
12.809 -1.088 0.000 5.730 5.741 0.027 0.011
0.701 0370 0.000 4.851 4.858 0.022 0.007
0.333 1273 0.000 4.856 4.866 0.023 0.010
-0.654 2324 0.000 4.890 4.902 0.027 0.012
-2.044 3.095 0.000 4960 4.971 0.025 0.011
-3431 3204 0.000 5.029 5.034 0.022 0.005
-4.379 2413 0.000 5.041 5.050 0.023 0.009
—4.527 0.643 0.000 4.977 4.988 0.025 0.011
-3.541 -1.909 0.000 4.900 4.912 0.027 0.012
-1.293 -4.644 0.000 4.943 4.952 0.026 0.008
1.778 -6.632 0.000 5.156 5.165 0.023  0.009
4.846 -7.278 0.000 5.401 5408 0.021 0.007
7.138 -6.692 0.000 5536 5541 0.022 0.005
8.525 -4.670 0.000 5.489 5496 0.022  0.007
8.957 -0.930 0.000 5310 5.317 0.023 0.007
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Figure 8. Model with a lenticular inclusion. Comparison of network

shortest path rays with exact rays computed in the original smooth

model. (a) Projection on to the surface. (b) Projection on to the

vertical section parallel with the x, axis.

A grid of 120 x 80 x 60 = 576 000 nodes was chosen. The
resulting network shortest path rays are plotted in Fig. 8.
The actual traveltime errors at 59 specified receivers are

compared with the estimation of maximum errors in
Table 2.

7 CONCLUSIONS

The network shortest path method of calculating the
first-arrival traveltimes has been innovated. It enables the
traveltimes and the estimates of their maximum error
bounds (Section 3) to be calculated.

The modification of the shortest path algorithm (Section
2) enables the computational speed to be increased nearly
five times.

Eliminating the long edges across structural interfaces
enables the corresponding traveltime errors to be decreased
in order of magnitude (Section 3.3.2) or even removed
completely (Section 3.3.3).

Optimization of the size of forward stars (Section 4.2)
enables the accuracy of the network ray tracing within
smooth geological blocks to be controlled and increased.

Reduced spherical forward stars (Section 4.3) enable,
with respect to the cube-shaped forward stars of Moser
(1991) and Saito (1990), the traveltime errors to be
decreased V3-times (in 3-D), and also the computational
time to be reduced considerably.

In addition to the theoretical treatment, the correspond-
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Table 2. Model with a lenticular inclusion. Comparison of
network shortest path traveltimes Tygy computed by authors’
program NET (version 1.30) with traveltimes 7 calculated by the
Complete Ray Tracing program. For these purposes, the re-
ference traveltimes t are regarded as exact. Receiver coordin-
ates are denoted x,, X,, x3, and dtygy = max (|67_|, |67, () (see
eqs 41) are the maximum traveltime errors estimated by
program NET. The point source is situated at (30,5, —20).
Structural interfaces are crossed according to Section 3.3.2.

ES1 z2 3 T TNET 6Tner  TneT—T

1.000 -5.672 3.062 7.583 7.586 0.165 0.003

2.000 -5.349 3.122 7.420 7422 0.166 0.002

3.000 -5.021 3.181 7.259 7.256 0.1656 0.003

4000 -4.688 3.237 7.102 7.108 0.165 0.006

5.000 -4.349 3.289 6.947 6951 0.165 0.004

6.000 -4.004 3.337 6.795 6.797 0.166  0.003

7.000 -3.655 3.379 6.646 6.649 0.166 0.004

8.000 -3.302 3.414 6.500 6.495 0.166 0.005

9.000 -2.945 3.443 6359 6.357 0.165 0.002
10.000 -2.586 3.462 6.221 6.231 0.165 0.010
11.000 -2.225 3.473 6.087 6.108 0.165 0.021
12.000 -1.864 3.474 5.959 5988 0.166 0.029
13.000 -1.502 3.463 5835 5860 0.166 0.026
14.000 -1.141 3.440 5.716 5.736 0.165 ° 0.020
15.000 -0.783 3.405 5.603 5.616 0.167 0.013
16.000 -0.429 3.355 5495 5.506 0.165 0.010
17.000 -0.080 3.291 5393 5409 0.166 0.016
18.000 0.264 3.211 5.296 5309 0.166 0.012
19.000 0.608 3.114 5205 5.221 0.1656 0.017
20.000 0.953 3.000 5.117 5.132 0.163 0.015
21.000 1.302 2.868 5.032 5.048 0.164 0.016
22.000 1.655 2.720 4.950 4.961 0.162  0.011
23.000 2.015 2.558 4.872 4.888 0.162 0.016
24.000 2.384 2.384 4796 4817 0.164 0.021
25.000 2.764 2.202 4724 4.739 0.162 0.015
26.000 3.548 2.013 4.642 4.665 0.059 0.023
27.000 3.960 1.819 4.555 4.586 0.058  0.031
28.000 4.373 1.624 4478 4.505 0.060 0.028
29.000 4.787 1.429 4.411 4439 0.056 0.028
30.000 5.203 1.237 4.357 4.384 0.054 0.027
31.000 5.620 1.0561 4315 4.343 0.057 0.028
32.000 6.040 0.872 4.287 4.318 0.059 0.031
33.000 6.461 0.703 4.273 4.297 0.059  0.024
34.000 6.884 0.546 4273 4.296 0.058  0.022
35.000 7.311 0.405 4.289 4.312 0.056 0.023
36.001 7.740 0.280 4.320 4.344 0.057 0.024
37.000 8.173 0.175 4.366 4.384 0.056  0.018
38.000 8612 0.091 4.428 4444 0.055 0.017
39.000 9.055 0.032 4504 4.519 0.056 0.015
40.000 9.507 0.000 4.596 4.606 0.055 0.010
41.000 9.968 -0.004 4703 4.708 0.055 0.005
42.000 10.443 0.019 4823 4.825 0.055 0.002
43.000 10.941 0.069 4957 4.957 0.057 0.000
44.000 11.476 0.143 5.102 5.102 0.066 0.001
45.000 12.066 0.241 5.259 5.265 0.057 0.005
46.000 12.634 0360 5.420 5424 0.056 0.004
47.000 13.114 0.499 5580 5.579 0.058  0.001
48.000 13.538 0.658 5.741 5.741 0.068  0.000
49.000 13.931 0.833 5904 5907 0.058 0.003
50.000 14.305 1.025 6.071 6.074 0.058  0.003
51.000 14.666 1.231 6.242 6.246 0.060 0.004

52.000 15.020 1.450 6.417 6.418 0.059 0.001
53.000 15.377 1.681 6.597 6.592 0.061  0.006
53.999 15.737 1.922 6.781 6.782 0.061  0.001
55.000 16.100 2.172 6.969 6.972 0.061  0.003
56.000 16.466 2.429 7.161 7.165 0.061 0.004
57.000 16.835 2.692 7.356 7.359 0.061  0.003
58.000 17.205 2.959 7.554 7.5568 0.063 0.005
59.000 17.578 3.228 7.754 7.763 0.063  0.009

ing numerical algorithms have been proposed (Sections 2-5)
and demonstrated on numerical examples (Section 6). The
corresponding FORTRAN77 code is available from the
authors. The algorithms and the code are, in principle,
applicable to the seismic model of an isotropic medium of
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any kind. However, to achieve good accuracy in a
statistically heterogeneous medium, the grid step should be
sufficiently small compared to the correlation distance of the
medium.

ACKNOWLEDGMENTS

The authors are indebted to Dr Tijmen-Jan Moser for
providing them with his shortest path code based on the
HEAP algorithm, and for numerous helpful comments on
the original version of the manuscript. The authors also
thank Dr Karl Josef Sandmeier for many suggestions on the
algorithm and program innovation, and to Professor Peter
Hubral for facilitating the discussions. This work was partly
supported by the IBM  Academic Initiative in
Czechoslovakia.

REFERENCES

Cerveny, V., Klimeg, L. & P3entik, 1., 1988. Complete seismic-ray
tracing in three-dimensional structures, in Seismological
Algorithms, pp. 89-168, ed. Doornbos, D. J., Academic Press,
New York.

Cline, A.K., 1981. FITPACK—software package for curve and
surface fitting employing splines under tension, Austin,
Department of Computer Sciences, University of Texas.

Dellinger, J., 1991. Anisotropic finite-difference traveltimes, in
Expanded Abstracts, 6lst Annual Int. SEG Meeting, pp.
1530-1533, Soc. Explor. Geophys., Tulsa, Oklahoma..

Dijkstra, E.W., 1959. A note on two problems in connexion with
graphs, Numer. Math., 1, 269-271.

Gjgystdal, H., Reindhardsen, J. E. & Astebgl, K., 1985. Computer
representation of complex 3-D geological structures using a
new ‘solid modeling’ technique, Geophys. Prosp., 33,
1195-1211.

Liu, Q., 1991. Solution of the 3-D eikonal equation by an
expanding wavefront method, in Expanded Abstracts, 61st
Annual Int. SEG Meeting, pp. 1488-1491, Soc. Explor.
Geophys., Tulsa, Oklahoma.

Moser, T.-J., 1989. Efficient seismic ray tracing using graph theory,

in Expanded Abstracts, 5%h Annual Int. SEG Meeting, pp.
1106-1108, Soc. Explor. Geophys., Tulsa, Oklahoma.

Moser, T.-J., 1991. Shortest path calculation of seismic rays,
Geophysics, 56, 59-67. i

Moser, T.-J., 1992. The shortest path method for seismic ray tracing
in complicated media, PhD thesis, Institute of Geophys.,
Utrecht University, Netherlands.

Nakanishi, I. & Yamaguchi, K., 1986. A numerical experiment on
nonlinear image reconstruction from first-arrival times for
two-dimensional island arc structure, J. Phys. Earth, 34,
195-201.

Podvin, P. & Lecomte, I., 1991. Finite difference computation of
traveltimes in very contrasted velocity models: a massively
parallel approach and its associated tools, Geophys. J. Int.,
105, 271-284.

Popov, MM. & Psencik, 1., 1978. Ray amplitudes in
inhomogeneous media with curved interfaces. Travaux Inst.
Géophys. Acad. Tchécosl. Sci. No. 454, Geofys. sbornik, 24,
pp. 111-129, Academia, Praha.

Qin, F., Luo, Y., Olsen, K.B., Cai, W. & Schuster, G.T., 1992.
Finite-difference solution of the eikonal equation along
expanding wavefront, Geophysics, 57, 478-487.

Saito, H., 1989. Traveltimes and raypaths of first arrival seismic
waves: computation method based on Huygens’ principle, in
Expanded Abstracts,59th Annual Int. SEG Meeting, pp.
244-247, Soc. Explor. Geophys., Tulsa, Oklahoma.

Saito, H., 1990. 3-D ray-tracing method based on Huygens’
principle, in Expanded Abstracts, 60th Annual Int. SEG
Meeting, pp. 1024-1027, Soc. Explor. Geophys., Tulsa,
Oklahoma.

Schneider, W.A., Ranzinger, K.A., Balch, A.H. & Kruse, C.,
1992. A dynamic programming approach to first arrival
traveltime computation in media with arbitrarily distributed
velocities, Geophysics, 57, 39-50.

Van Trier, J. & Symes, W.W., 1991. Upwind finite-difference
calculation of traveltimes, Geophysics, 56, 812-821.

Vidale, J., 1988. Finite-difference calculation of traveltimes, Bull.
Seism. Soc. Am., T8, 2062-2076.

Vidale, J., 1990. Finite-difference calculation of traveltimes in three
dimensions, Geophysics, 55, 521-526.

Wattrus, N.J., 1991. 3-D finite-difference traveltimes in complex
media, in Expanded Abstracts, 61st Annual Int. SEG Meeting,
pp. 1106-1109, Soc. Explor. Geophys., Tulsa, Oklahoma.



